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Abstract. We get stationary solutions of a free stochastic partial differential equation. As 
an application, we prove equality of non-microstate and microstate free entropy dimensions 
under a Lipschitz like condition on conjugate variables, assuming also i?" embeddability. 
This includes an N-tuple of q-Gaussian random variables e.g. for \q\N < 0.13. More gen- 
erally for |g|iV < 1 and |g|-\/iV < 0.13 we prove they still have microstate free entropy 
dimension N. 



Introduction 

In a fundamental series of papers, Voiculescu introduced analogs of entropy and Fisher infor- 
mation in the context of free probability theory. A first microstate free entropy xi^i^ ^n) 
is defined as a normalized limit of the volume of sets of microstate i.e. matricial approx- 
imants (in moments) of the n-tuple of self-adjoints Xi living in a (tracial) iy*-probability 
space M. Starting from a definition of a free Fisher information (5^, Voiculescu also de- 
fined a non-microstate free entropy •••) ^n), known by the fundamental work [Tj to 
be greater than the previous microstate entropy, and believed to be equal (at least modulo 
Connes' embedding conjecture). For more details, we refer the reader to the survey [SJ] for 
a list of properties as well as applications of free entropies in the theory of von Neumann 
algebras. 

Moreover in case of infinite entropy, two other invariants the microstate and non-microstate 
free entropy dimensions (respectively written 6o{Xi, ...,Xn) and 6*{Xi, ...,Xn)) have been in- 
troduced to generalize results known for finite entropy. Surprisingly, Connes and Shlyakht- 
enko found in [10] a relation between those entropy dimensions and the first L^-Betti numbers 
they defined for finite von Neumann algebras. For instance, for (real and imaginary parts 
of ) generators of (finitely generated) groups, 6* has been proved in [29] to be equal to 
/3f ^(F) - P^^\t) + 1 (cf. e.g. [27] for L^-Betti numbers of groups). 

In [30], Dimitri Shlyakhtenko obtained lower bounds on microstate free entropy dimen- 
sion (motivated by the goal of trying to prove equality with non-microstate free entropy 
dimension,) in studying the following free stochastic differential equation : 
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where is the i-th conjugate variable of Xs s in the sense of [53], 5*^ a free Brownian motion 
free with respect to -'^o'^. Let us recall that for (M = W*{Xi, ...,Xn),t), if Xi, ...,Xn are 
algebraically free, the i-th partial free difference quotient di : L'^{M) — > L^{M) ® L'^{M) is 
the unique derivation densely defined (on non-commutative polynomials) such that dj{Xi) = 
li=jl (8> 1. Then the i-th conjugate variable is defined by ® 1) G L'^{M) if it exists. In 
|46| . this equation was solved in order to get stationary solutions for analytic conjugate 
variable, and thus this paper proved that in case of analytic conjugate variable if moreover 
W*{Xi, ...,Xn) is embeddable, then 6o{Xi, ...,Xn) = S*{Xi, ...,Xn) = n. Of course, if we 
believe in the previous general equality, this should be proved in much more general cases, 
e.g. for conjugate variable, i.e. finite Fisher information. The goal of this paper is to 
prove this equality in an intermediate case, under a Lipschitz like condition on conjugate 
variables. Let us emphasize our definition does not involve operator Lipschitz functions and 
is relative to M, but it is nothing but the usual notion of being a Lipschitz function of X 
(for instance applied by functional calculus) in the one variable case (this is a Sobolev like 
definition of lipschitzness in the one variable case) : 

Definition 1. (M = iy*(Xi, X^v), r) is said to satisfy a Lipschitz conjugate variable 
condition if the partial free difference quotients di are defined and if the conjugate variables 
a* 18)1 exist in L'^{M) (for all i) and moreover are in the domain of the closure 9 of (9i, d^) 
with 'djd*l ®le M®M°P C L^{M ® M°p) ~ L2(M O M) (von Neumann tensor product). 

Let us state a precise result, the main byproduct of our work in this respect (cf. corollary 
[38]) is the following : 

Theorem. Consider (M = W*{Xi, ...,Xn), t) a R^- embeddable finite von Neumann algebra 
satisfying a Lipschitz conjugate variable condition. Then the microstate entropy dimension 
So{X,,...,Xn) = N. 

We show in section 4.3 that q-Gaussian variables (introduced in [7]) are a non-trivial 
instance of non-commutative variables having Lipschitz conjugate variables for small q (e.g. 
\q\N < 0.13 thus improving a computation in [36] and proving that 6o does not only converge 
to N for small q but is identically equal to N and thus equal to 6*{Xi, X^r). We actually 
prove in section 4.4 this is still valid on a slightly larger range of g's, i.e. as soon as \q\N < 1 
and \q\\/N < 0.13). 

Let us come back to our stochastic differential equation setting. By lack of a theory 
of "non-commutative Lipschitz functions", we will rather solve a dual Stochastic Partial 
Differential Equation with the right stationarity property to get this result. 

To explain the equation we solve, let us note that if we call $s(X) = Xg the automorphism 
we hope being able to build solving the above equation, then Ito formula implies e.g. for 
any non-commutative polynomials P : 

<^t{P{Xo)) = MPiXo))-l [ $.(A(P(Xo)))rfs+ / <l>,®<l>,(5(P(Xo)))#rf5.. 

Jo Jo 

We refer the reader to the main text for reminders about free stochastic integration. Here 

S = {6i, ...,5n) is the free difference quotient, A = 6*6. This is also the equation the author 

solved in a more recent paper [12] in a much more general context but with more limited 

applications to microstate free entropy dimensions, because of a lack of control on the von 

Neumann algebra in which we build the process in this new approach. 
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Here we will thus rather solve the following dual equation : 

(1) Xt = X^-]- f A{X,)ds + f 6{X.,)4^dSs, 

^ Jo Jo 

where S will be an appropriate extension of the free difference quotient by zero on the 
free Brownian motion and a corresponding A = 6*6. It is well known in quantum stochastic 
integration over symmetric Fock space that solving right Hudson Parthasarathy equations 
instead of left HP equations enables to solve equations in a mild sense (see e.g. |18| ) as in 
the classical Stochastic Differential equation case (see e.g. [13] )• This is in order to use those 
techniques we considered this equation rather than the previous one. 

Before describing the content of this paper, let us explain the relation of our work with 
classical stochastic partial differential equations. There are basically three main approaches 
to analysing SPDEs: the "martingale (or martingale measure) approach" (cf. [56]), the "semi- 
group (or mild solution) approach" (cf. [13]) and the "variational approach" (cf. [38]). We 
will mainly refer to the above monographs instead of the original enormously rich literature. 
Beyond those mainstream approaches, one should also mention Krylov's L^-theory [23] and 
Kostelenez's methods [22] using limits of particle systems, and also an old approach for more 
concrete SPDEs using SDKs in nuclear spaces and distributions (e.g. |5U]). Here we will 
adapt to the free SDE context a part of the semigroup approach using variational techniques. 
To compare with our work, we thus insist here on those two approaches. 

To fix ideas a general SPDE considered in the classical literature is often of the form : 

dX.iO = A{t,Xt{0,D^MO,DlX,{0)dt + B{t,X,,{O.DiMO)dWt. 

Since this will be our main interest, we will mainly focus on the linear time independent case 
where A is thus a second order differential operator, B a first order one, let say valued in 
Hilbert-Schmidt operators from the noise space y(let say Wt is a standard (with covariance 
Id) cylindrical brownian motion on a Hilbert space Y) to the space H where Xf lives. The 
linear case was also motivated in the early theory by filtering problems giving rise to linear 
equations suitable for the variational approach. 

Both approaches share the common features of considering SPDEs as SDEs valued in 
infinite dimensional spaces (usually Hilbert spaces of Sobolev types), using PDE techniques 
often in an abstract functional analytic setting. 

Let us describe first the variational approach, originating from [33], [31], [21] (we refer to 
[38], and the recent introductory [37| in the coercive case). Usually, solutions are built here by 
a Galerkin scheme, in first projecting the equation to finite dimensional sub-Hilbert spaces. 
After this transformation, the equation is an ordinary SDE solved by usual techniques. At 
this level, estimates (for this approximation) are proved enabling to take a (weak) limit. 
The equation is first solved in a weak sense, avoiding to require X^ G D{A). The standard 
assumption is the so called coercivity condition (also called superparabolic case in |38] when 
considered for concrete differential operators). 

This is roughly written : 

2{x,Ax) + \\B{x)\\jjs + 5\\x\\l < K\\x\\l, 

where U is another Hilbert space such that U C D{B) continuously (often if A is time 
independent self-adjoint, -A positive U = D({—AY^'^) for instance to fix ideas). Having 
6 > then enables to get a bound on ||X(||/^ and say giving sufficiently many 
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regularity to get a weak limit such that B{Xt) makes sense and to solve the equation weakly 
(i.e. after taking scalar products with y E D({—Ay^'^) for instance in the self-adjoint case). 
Unfortunately, the case we are interested in is not coercive, it only satisfies the dissipative 
condition where 6 = above (sometimes called degenerate parabolic case). This equation is 
enough to guaranty a bound on | |Xf 1 but nothing more. In this case, the usual method (for 
instance used in [3H] Chapter 4 in a concrete differential operator setting), is to replace B by 
(1 — e)B (or A by {l + e)A) to get a coercive equation and get the bound on ||^t||i7 necessary 
to get a weak limit by another technique. In the coercive case, there are also standard 
ways of getting regularity results (for instance, we assume a dissipative inequality under 
an overall (— A)^/^ for instance again in the self-adjoint positive case, i.e —2{Ax, Ax) + 
2^)||lf5 ^ -^IK — and not surprisingly deduce from this a bound on 
||(— y4)^/^Xf the equation being ideal to apply Gronwall's lemma and get a bound in that 
way) . One thus uses these standard ways of getting regularity via a priori estimates for the 
approximating equation to get a weak limit. 

The semigroup approach uses the semigroup (pt generated by A and rewrites the equation 
after "variation of constants", and thus looks for a so-called mild solution, i.e. a solution of : 



Then the goal is to use regularization properties of this semigroup to solve this equation. 
For instance, to solve non-linear equations with only continuous coefficients for B, one can 
use compactness of the semigroup and use compactness arguments (and get a stochastically 
weak solution, i.e. not adapted to the filtration of the Brownian motion. Note we use in this 
paper only the word weak in its PDE sense as in [13]) • In niore standard assumptions, the 
semigroup is only assumed analytic, or with generator a variational or a self-adjoint operator. 
We will be mainly interested in the semigroup approach under the same assumptions as in 
the variational approach. Indeed, in our free SDE setting, it is not quite clear what kind 
of Galerkin's method could make us recover an ordinary free SDE setting. Moreover as we 
will see, we will use extensively really weak notions of being a mild solution we will call 
ultramild as a crucial tool to get results on really weak assumptions. Anyways, the interest 
of the semigroup approach for us lies in the fact it replaces Galerkin's method by a fixed 
point argument (for contractions) under the same coercivity assumption. Then, we can again 
prove a priori estimates to extend this to the degenerate parabolic case we will be interested 
in (since only this case can give stationary solutions in our examples). 

Let us now finally describe the content of this article. In Section 1, we solve a really general 
stochastic partial differential equation (formally of the form ([1])) with much less restrictive 
assumptions on 6, A. We find natural assumptions to get two kinds of solutions we will 
call mild and ultramild solutions, this second really weak sense of getting a solution has 
never been considered, to the best of our knowledge, in previously quoted contexts. These 
conditions are natural analogs of the dissipativity condition above (in case of ultramild 
solutions) and the dissipativity condition under (— A)^/^ (to get regularity conditions and 
for us mild solutions). We have also to include in these conditions general compatibility 
assumption trivially checked in our main example. 

In Section 2, we prove that we can check our assumptions to get mild solutions in the free 
difference quotient case with a Lipschitz conjugate variable type assumption as explained 
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above. Actually, we also check that we can slightly relax the coassociativity property of 
the free difference quotient crucially used here (even in this weakened form, for instance 
applicable to liberation gradient derivations of The crucial issue here is to prove non- 

trivial domain properties of S, A which are usually checked classically using general regularity 
results of PDEs not available in our non-commutative context. One of the crucial tools here 
is (a variant of) an easy boundedness criteria for 1 (8> r o 5 found by the author in [11] (cf. 
Lemma 1301 infra, and compare with |TT| lemma 10]). 

In Section 3, we prove that as soon as we stick to our case of main interest of a derivation 
and the corresponding divergence form operator, it suffices to check ||^t||2 = H-'^olb in order 
to prove any ultramild solution to be stationary, as we want in order to get lower bounds 
on microstate free entropy dimension. Especially, this is always true if we can get a mild 
solution, and this is really likely why ultramild solutions where never considered before, 
without at least an isometry property, solving those equations is not such useful. 

In Section 4, we explain our main application about computation of microstate free entropy 
dimension under Lipschitz conjugate variable assumption. In section 4.3, as we said above, 
we explain the concrete example of q-Gaussian variables, after several general preliminaries 
gathered in section 4.2. Here the proof of Lipschitz conjugate variable relies heavily on 
Bozejko's analog of Haagerup's Inequalities and on inequalities of our section 2. We also 
consider in section 4.4 how one can use a non-coassociative derivation to compute microstate 
free entropy dimension of q-Gaussian variables in a slightly less small range of q's. This 
motivates the extra work in this context in section 2. Of course it is possible that a better 
understanding of combinatorial properties of those examples may give more extended ranges 
of q's with the same free SDK techniques. Finally, in section 4.5, we explain how hard it is to 
get stationary solutions in an example of derivations on group von Neumann algebras coming 
from group cocycles valued in the left regular representation, case also considered in |46| . 
Here coassociativity like assumptions are not available to get "easily" mild solutions, this is 
why we were motivated in being able to get solutions in a really general sense like ultramild 
solutions under somehow an automatically verified assumption. Indeed, in such a concrete 
example one can easily find a necessary and sufficient condition for getting ||Xt||2 = H^olb- 
However, it is expressed in terms of conservativity of a classical Markov process, well known 
to be hard to check. This is not such surprising since unitarity properties of left Hudson- 
Parthasarathy equations are also expressed in terms of conservativity of quantum Markov 
processes (see e.g. the survey [IZ])- Of course, the occurrence of a classical process is only 
explained by our special example on groups, anyone interested in such a criteria for more 
general processes may be able to generalize this to a general case using conservativity of an 
appropriate quantum Markov process. However since any useful (easy to check) sufficient 
condition for proving this conservativity is not really available (even in HP case) beyond 
conditions really similar to those of our section 2 to get mild solutions (cf. [S]), we don't 
enter in this general question here. Let us conclude with two remarks. Having in mind those 
similarities with questions of unitarity of solutions of Hudson-Parthasarathy equations, we 
can wonder whether a duality theory analogous to (Journe) duality of left and right HP 
equations could be developed in our context. In the other direction, one may wonder whether 
an ultramild like definition of a solution may be useful for right HP equations (e.g. in order to 
solve them under weaker conditions expressed in terms of conservativity assumptions similar 
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to left HP equations) or whether the new approach of could be translated in the context 
of left HP equations. 

Acknowledgments The author would like to thank D. Shlyakhtenko and P. Biane for 
plenty of useful discussions, A. Guionnet and an anonymous referee for plenty of useful 
comments helping him improve the exposition of previous versions of this text. 

1. A GENERAL STOCHASTIC DIFFERENTIAL EQUATION WITH UNBOUNDED 

COEFFICIENTS 

Let Mo be a M^*-probability space (with separable predual), Sj:^^ [i G IN) a family of 
free Brownian motions. Consider M = Mq -k W*{Sl'^^) the free product of l^*-probability 
spaces (so that Sf'^ are free with Mq inside M) and consider finally the natural filtration 
Ms = Mo -k W*{Sl^\t < s). As a side remark, note we always use scalar products linear in 
the second variable. 

In this part, we will be interested in the following equation : 



where A : L^{M) L'^{M) and 5 : L'^{M) -> L'^{M) ® L'^{M)®^ are closed densely 
defined operators and keeping invariant for t G [0,T] L?'{Mt) (resp. sending it to L'^{Mt ® 
Mt)®^ and with the analog property for its adjoint. See subsection 1.2 for a definition of 
Stochastic integral). The sense in which we will solve this equation will be made precise in 
the 3 following sections : the first will deal with some miscellaneous results about stochastic 
integration in our context, the second will introduce stochastic convolution, the key tool to 
define mild solutions and the third one will prove in the free Brownian case some well-known 
(in the classical Brownian motion case) relations between mild and strong solutions, and 
introduce ultramild solutions (the three kinds of solutions we will be interested in getting). 
Let us right now state the two class of assumptions we will need to get mild (resp. ultramild) 
solutions in the last subsection of this section^. To state a slightly more general result (for 
instance enabling us later to reach \q\N < 1 instead of |g| < !/((! + \/2)N + 2) in the q- 
Gaussian variable case), we also consider given another operator 6 satisfying the assumptions 

for S, i.e 6 : L'^{M) L?[M) ® L'^{M)®^ are closed densely defined operators keeping 
invariant the corresponding filtrations. 

We fix a few notations before stating the assumption. We will write Ujj^{St — Ss) = 
ZZqU'^'^MSP - 5P) the Hilbert space isomorphism between the infinite direct sum of 
coarse correspondences L^(Ms) ® L'^^M^)®^ where U^^^'j^^Sj:'''^ — Ss^'^) is the linear isomor- 



phism extending a0bjf^{Sj:'^^ —Ss^^) = a (S*!*^— 5*1*^)6, for a,b,c G Ms- Likewise, for 3-fold tensor 
products, we write (a ® 6 ® c)#i(5f ^ - Si'^) = a(5f ^ - S^'>)b ® c, (a ® 6 ® c)#2(^f ^ - ^P) = 





Note we will always write Ao B the closure of the coraposition of two closed operators if possible, and 
the usual composition if they are not closed, without risk of confusion. Sometimes we will even write AB 
for the same object. 
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a®b{Sj:^^ —Si^^)c and their corresponding extensions. On a direct sum, we write Diag{Ai) 
the operator acting diagonally, e.g. Diag{Ai){hi © 62) = ^iW ® ^2^2- 

The main assumption (useful to get mild solutions) will be called ri(a;,C): 



a) 

b) 

b') 

c) 

c') 

d) 



/) 



9) 
h) 



A is a positive self-adjoint operator, 77, 

D{6oA) c D{6) 
for any x E £)(A^/^) we have : 
for any x G D{A^/'^) 



a+A ■ 



||Ai/2x| 



x\ 



- mxm < co\\x\\i 

\\A7]l/^x\\l + Re{5{Ar]4x)),S{x)) < cu\\A'/^7]l/^ 
There exists a closed densely defined positive operator 

A® =: Diag{Af) : {L\M) (g) L\M))®^ ^ {L^{M) (g) L^{M))®^ (acting 
diagonally with respect to the direct sum and keeping invariant, 
for any t, L'^{Mt © Mt)®^ and) such that for any 
U G L2(M,) ® L2(M,): f/#(Sf ^ - SP) G D{A) if U e D{Af) 
and A(f/#(5« - SP)) = Af (f/)#(5« - 5«) 



Moreover 5(f/#(S'f ^ - 5*^0) is orthogonal to L'^{Ms® M, 
ti') D(Ai/2) c D{5), D(Ai/2) a core for 5, D(5 o A) C D(5) 



and 5{Ui^{Sr - Sr)) is orthogonal to L'^{M, ® M,) 3 U, 

and we assume we have a closed densely defined 
5® := © : (L2(M®2))®^ ^ (L2(M®3))®^' 

=: (^S(^.))a.>^S : {L\Mr^) ^ (^^(M)^^) 
(keeping invariant, for any t, the filtration induced by and) such that for any 

U G L\M,) ® L2(M,): f/#(S?'^ - SF^) G D(50 if f/ G ^(5®^ © If]) 

and 5Kf/#(5?'^ - 5F^)) = Ell - ^^^'^) 

D((5o A) c D(A® o5) 

There exists a bounded operator "H on L^(M © M)®-'^ 

keeping invariant for any s, ^^(Ms © M,)®^ with \ \1-L\ \ < C^/^ (C > 1) 

such that for any x G -D(5 o A): 

A® o~5{x)-~5oA{x) =n{6{x)) 

D{6) = D{6) =: ^,Vx G ^,C-V2||5~(3;)||2 < < C||5(x)||2, 

thus D(5o A) = D{5oA) 

D{A) C D(A®i/2 o (5 © 5 © 5^5) and for a; G L'(A) 
||5®5(x)||2<l|A®'/'°^(a:)lli + C||^(a:)lli 



We will write ipt the semigroup exponentiating —1/2 A and (j)f the semigroup associated to 
-1/2A®. 

In most cases we will be interested in the case 5 = 5 m which case assumptions h are 
automatic (using c for h, d' also almost follows from b, d and the remaining part will be easy 
to check in the applications we are interested in). 



8 



Y. DABROWSKI 



In the applications we have in mind, the strong assumptions are the two previous ones 
(e, /), the other ones being automatically verified and just important in this general setting. 
Without {b', c', d', e, /, g, h), we call Tq{u!) the set of assumptions a,b,c,d. The reader will see 
later this is the right set of assumptions to get a really weak form of solution we will call 
ultramild solution. Obtaining this kind of solution will thus be almost automatic as we said, 
since only e and / are constraining assumptions. 

General ideas and strategy 

With those notation fixed and before entering into technical details, let us explain the 
intuition behind our results (in the case S = S, the general case is a slight extension following 
an idea of [8], this will be useful only to improve results in the q-Gaussian case). In our general 
setting here, the proofs will follow closely the classical case, and therefore the intuition is 
basically the same, namely, since we want to solve SDEs with unbounded coefficient, with A 
a kind of divergence form operator (as we will consider in the next part) the corresponding 
semigroup is regularizing, and we want to use this. That's why we introduce mild solutions. 
As explained by various equivalences in section 2.1.3, the difference with strong solutions is 
only related to the domain in which we want to build the solution, we only require being 
in the domain of A^/^ (or even 5) for mild solutions, and as soon as it is in the domain of 
A, a mild solution is a strong solution, the converse being always true. The idea behind 
ultramild solutions is slightly trickier. Let us explain it in saying (j)f_g o S may have a much 
huger domain again than A^/^ and we want to use this regularization effect to have solutions 
with almost no conditions. Indeed, conditions e) and f) above will be really hard to check 
even with strong conditions (section 2.2), that's why we want to have solutions in a sense as 
general as possible. We can also say that the current section somehow takes natural analogs 
of classical assumptions in the non-commutative case and check we can work with them. 

It is maybe also useful to have several ideas in mind, and first how those conditions will 
appear in a really natural way in the proof. To get an estimate on HX^Hg, or ||A^/^(Xt)||2 
(first on an approximation of the solution, in the spirit of moving from a degenerate para- 
bolic case to a superparabolic case), the common idea is to differentiate, and try to apply 
Gronwall's lemma. Conditions c) (called dissipativity in the classical case) and f) above 
corresponds exactly to what we want, in order to apply this lemma respectively in those 
cases. The second idea is that if we replace 5 by (1 — e)5 the equation is much easier to solve, 
it is of superparabolic type (instead of degenerate parabolic type, said otherwise this gives 
a kind of coercivity, see [38] for a presentation of this point in a more concrete setting but 
more clearly than in [l3]), and first, in this case, there will be a Picard iteration argument 
to solve it, second we win something in terms of domains, assumption c is enough to bound 
||A^/^(Xj^)||2, assumption f to get a bound on ||A(X^'^)||2 (those bounds diverging in e, of 
course). Anyways this will enable us to have respectively strong or mild solutions of an ap- 
proximating equations converging to a solution of our equation, even if the solution without 
e will be only a mild or ultramild solution (note that in the case 5 ^ 6 we will lose the 
strong solution property but keep mild solutions, hopefully we don't use this improvement 
in terms of getting a strong solution). Somehow, to get later in section 3.3 stationarity of 
the equation, this will be much more crucial to have an approximation by a mild solution 
than an ultramild solution, since Ito formula, already tricky to apply for mild solutions, 
seems to be completely unusable for ultramild solutions. Moreover there is the general idea 
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that if you get a bound of ||A^/^(X^'^)||2 (uniform in e), you can get a Cauchy condition 
in ||.||2 norm and thus norm convergence, but however in general we will work only with 
weak convergence. Finally, we will also show in section 1.3 that mild solutions are also weak 
solutions, in a usual duality sense of weak solutions, however, we don't have an analog for 
ultramild solutions Thus we will also introduce a notion of ultraweak solution, mainly to get 
unicity results in applying Laplace transforms techniques, our general result will be "there 
exists a unique ultraweak solutions which is also an ultramild solution", and limit of mild 
solutions of an approximating equation. 

Before starting, we sum up the content of the next sections. In section 1.1, we give miscel- 
laneous definitions and results moving almost commutations properties of our assumptions 
to stochastic integrals. In section 1.2 , we prove a integration by parts formula for a stochas- 
tic convolution we introduce. We avoid proving a free variant of the usually used stochastic 
Fubini Theorem in using ad hoc proofs in our really special case. In section 1.3 we introduce 
our different kinds of solutions and prove relations between them (explained above). Section 
1.4 contains our general theorem. 

Let us prove right now an easy consequence of our main assumptions (Note we often use 
the bound ||A?7q,|| < la coming from A?7q, = a(l — ?7q,).) : 

Lemma 2. Assume Ti{(jj^C).Then, there exists for any a G (0, oo) hounded operators Tia 
from the graph of A^/^ :G{A^/^) C L'^{M)®^ to L^{M (g) M)® ^ sending, for s, L^{Ms)®^ to 
L'^{Ms ® Ms)®^ with WTiaW < max(l, y/u)C such that for any x G D^A^/"^) (if we write 
^" = ^ analog r/® = ^^): 

A®r/f o ~6{x) - ~6 o A7]^{x) = Ha{x © A^/^{x)). 

Moreover, for each x G -D(A^/^), 'Hq,(x © A^/^(x)) converges in to 'H{5{x)) when a — )■ oo. 

Finally, there is also a bounded with \ \Ha\ \ < ^a/i^ + 2a; and the same invariance of 
filtration properties, such that for any x E D{6) : 

6r]a{x) - r]®5{x) = Haix), 

Proof. Let "H be given by assumption /. Let us define "Hq. For x G D(A^/^), ?7q,(x) G 
Z)(A'^/^) C D{5 o A), thus applying the equation for in /, we get : 

V^A^ o ~5n^{x) - T]f5 o Ari^ix) = ri^nCSVa{x)) . 

Thus multiplying by ^ and using the definition of the resolvent , and using a(l — //q,) = Arja, 
we get : 

ha{x)-V^hx) = -V^nhaix)), 

a 

Especially defining T-La = ^Va'^^Va, we get the last statement since (by assumptions f,g,c) 

ll^all < ^^^ll^'7a|| ^ + 2a and moreover by d') D{A^^'^) is a core for 6. 

Moreover we also deduce : 

A®<5(x) = --A^v^Hikaix)) + ~6Ar]^{x) +H{6v^{x)), 
a 

thus equivalently 

A^rjfSix) - ~5A7]^{x) = r]^n{6Vaix)). 
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This suggests © ^^^"^{x)) = T]'^'H{Sr]a{x)). In that way, the equation is verified, the 

stabihty properties come from the assumptions and using property c) of Fi, we get : 

||?^„(x©AV2(a;))||2<C||5r/.(x)||^<C'2(||Ai/2(x)||^ + a;||x||^). 

Thus we get the bound on ||'Ha||, and 

m^ix © A'/'ix)) - ni5{x))\\2 < Wv^nHva - l)ix))\\, + ||« - 

<C||5(r/.-l)(x)|b + ||(<-lM5»)|b, 

and the right hand side goes to zero using again assumption c). □ 

1.1. Stochastic integration in presence of 6 and A. Following |5] (except for the value 
in L^(M©M)®^ instead of L^(M(8)M) of bi-processes), we write i32([0,T]) (for processes 
on [0, T]) the completion of the space of simple adapted (with respect to the algebraic direct 

sum (Mi©MO®^) bi -processes in the following norm : 

\\U\\l3-{lO,T]) = (^j^ \\Us\\l2(^^^^)Nds^ 

Let us remark that this space can also be seen as a subspace of L^([0, T], L^(r © r)®-'^) 
(defined, say, in Bochner's sense) and we will always see it as such a subspace. 

Then, recall that the map U H- Usjj^dSs = /q^ t^i"'^#'^'S'i"'^ is an isometric linear 

extension from ;B2([0,T]) to L'^{M,t) of the usual map, sending, for a,b & Mg, a © &l[s,t) 
seen in the z-th component of the direct sum to a{Sl'^ - Si'^)b. Thus, we can remark for 
further use that weak convergence in L'^{t) of a sequence of stochastic integrals U^^dSg 
is equivalent to weak convergence of its argument ?7" in L^([0, T], L^(r © r)® °°). 

Analogously, one can consider S2^®^^([0, T]) for processes {Mt Mt Mt)®^^'^}^^^')- 

adapted and define Usi^idSs G L'^{M ® M)®^ {i = 1,2) in extending the definition 

for a,b,c G M^, a © 6 © cl^g^t) seen in the 1, j, z-th component of the direct sum a ® b ® 

cl[s,t){u)^dSu = CiiSf^ — S^s'')b © c in the j-th component, and when seen in the 2,z,j-th 

component a®b ® clys,t){u)^dSu = a © b{S[^^ — S^s^)c in the z-th component. 

We will write ^^"^^^.([O, T]) (for /3 G {0, 1/2, 1}, resp. Bl^,{[Q, T]) for /3 e {1/2, 1, 3/2}) 

the completion with respect to the following norms of what we will call 5 o A^-simple 
adapted processes (resp. A^-simple adapted processes), i.e. processes of the form X = 
E,1i^.lfe,*..0 with X, G D(AO n nT=oD{5 o A^/2) (resp. X, G D(AO) : 

/ „T 2/3 2/3 \ 

^-^'J 6=0 b=0 

1/2 



Of course, using g, one gets the same spaces if we replace 6 by S. Assuming Fo(ci;) (espe- 
cially condition b), we have clearly continuous embeddings 5o^/3([0, T]) — )■ /^^([O, T], L'^{M)) 
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(space of adapted processes) Bl^,{[Q,T]) ^^([0, T], ^^(M)), ,^^,{[Q,T]) ^ iS^^^^,, ([0, T]) 
for P' < (3,(3,(3' E {0,1/2,1} and Bl,^^,{[0,T]) -> S"^,, for < (3,(3,(3' e'{l/2,l}, 
'B»A/3+i/2([0,T]) ^ }31,^^,{[0,T]) for /3 G {0, 1/2} (using assumption c). 

From the assumptions on 6 and A, we remark that we can see for any Xs G l^^soAf'^l^^ -^D' 
6 o A'^Xg as an element of Sg. Finally, let us note that if B bounded operator on Li^^Mg ® 
M,)®^, keeping invariant, for any t, L'^{Mt®Mt)®^ , and iff/, G i3^([0,T]), then S(?7,) G 
^2([0,T]). 

The following lemma is the goal of these definitions : 

Lemma 3. Assume Ti{uj,C) for (i) and ro(ci;) for (ii) and (Hi). 

(i) Let Xs G Bl^,i,{[Q,T]) then we have r/„(X,) G Bl,,^{[Q,T]), A«<5(X,), 7/,(X, © 
A^''^{Xs)) G i3^([0,T]) andt<T : 

f A^VaHXs)i^dSs = f~6oA{r]^{XsMdSs+ f n^iXs ® A'/\X.,MdSs. 
Jo Jo Jo 

IfX, G Bl^,,,i[0,T]), then5^5{X,) = (5^/5, (X,)),,,,- G bT'\%T]), J^6iX,)ifdSs G 
D{6) and we have the equation : 



~5 [ 6{Xs)i^dSs = [ 5®(5(X,)#d5, 
Jo Jo 



(ii) Likewise, for any Us G B^{[0,T]) and t > 0,t < T: ri®{Us),(()f{Us),E i3f([0,T]), 
A®r7®(?7,), A®0f (f/,) G Bl{\Q,T])(and assuming d',g we have also, 

~6^^^{Us) = {SZ'v^m),,, G B^,^'''\[0,T])), and we have : 

Va{rUs#dSs)= f\^{UsWdSs, Ari^i r Us#dSs) = T A®<(f/,)#d5„ 
Jo Jo Jo Jo 

c(>,{ r Usi^dSs) = r 4>f{UsWdSs, AufUsi^dSs)= r A'^4>f{Us)i^dSs, 
Jo Jo Jo Jo 

ha{ r Usi^dSs) = r ~S^V^iUs)4^^dSs if d',g also hold, 
Jo Jo 

Finally, for any W G L'^{Mt® Mt)®^ , any V = {J^ Usi^dSs), t < t, with V G D{6), 
{W,6iV))=0. 

(iii) For Us G B^{[0,T]), Usi^dSs G D{A^I^) if and only if Us G D{A®^/^) for almost 
every s and ds\\A'^^l'^Us\\l < oo. In this case A^'"^ Usi^dSs = A'^^/\Us)i(^dSs. 
If d',g also hold, then for any Us with 5®(t/,) G B2^'^^\[0,T]) (e.g. for Us = 6{Xs), 
for Xs G Bl^{[0,T]) ifh holds), we have Usi^dSs G D{5) and ~5 Us#dSs = 
J^~6^{Us)4^dSs. 

Proof First of all, the statements about ri®{Us),(j)f{Us) G B^{[Q,T]), 

A®r]®{Us),A®(()f{Us) G i3^([0,T]) and A®r]®~5{Xs) G follow from the remark before 
the lemma, since e.g. ||A®?7®|| < 2a. Assuming d',g, the same is true for S®ri®{Us) G 
B^^'^^\[0,T]). 
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If Xs is a A^/^-simple process. By linearity, we can suppose Xs = xl[tj^^t2)is), with x E 
D(A^/^)nL^(Aftj). In that case, we have clearly r]a{Xs) E D{6oA) (using assumption d') and 
the equality stated is nothing but the one of lemma[2l In the general case Xg E ^2 ^i/2([0, T]), 

take by density X" A^/^-simple processes converging to X^ in i?^ ai/2([0' ^])- Then, since 
5 o A^r/«(XJ^) = So a'^{id - r]^fr]l-P{X'^) (and using assumption c), Y.I=q I ° A^/2ry^(X," - 
X^)\\l < (1 + 2« + (2a)2) {\\/\'/\X:-X^)\\l + uj\\X:-XT\?^. Likewise 

2 

Y,\\^"'UX: - XT)\\l <{l + 2a + {2an\X: - XTWl 

b=0 

As a consequence, (?7q,(X^)) converges in ^^^([0, T]) (and by the embedding in ^i/2([0) ^])) 
it converges to r/„(X,) which is thus in 131^^^. Now, A®<5(X,), 5(Ar/«X,) G B^{[0,T]), 
therefore applying the equation of lemma [21 Ha{Xs © A^/^(X<.)) E B2{[0,T]) and we have 
our equality after taking the isometry of stochastic integration. The second statement of (i) 
is proved in a similar way using d' for the equation, g, h, e for boundedness results. For (ii), 
the boundedness has been already discussed, and this explains the definition of the right 
hand sides of the equations. The equalities are clear for simple processes (easy consequences 
of assumptions d (and a for the semigroup)), this concludes by density. 

For the last statement of (ii) about orthogonality, since SrjaiV) — )■ S{V), we can assume by 
the beginning of (ii) (putting T]a in the stochastic integral), Ug E D(A®). Again, it suffices 
to prove the simple process case, and this reduces to the last assumption in hypothesis d. 

Finally, for the equivalence of (iii), note that the two first equalities of (iii) gives 
\\A^/^r)a{J^ Us#dSg)\\l = /^f ||A®i/2^f(?7,)||2. From this, letting a 00, the direct impli- 
cation follows from monotone convergence theorem with A^/^?]^ = r/o-A^/^ and the reverse 
implication using also A^/^ is a closed operator. Let us check first for any U E B2{[0,T]), 
^^^'^VaiJo Usif^dSg) = A®^/'^vi®Usij^dSs. Again it suffices to check it on simple processes, 
on which this comes from A^/^ = 7i~^t~^^'^(id — r]t)dt (cf. e.g. [33] or |2T]). Now, the 
stated result comes from a — )■ 00, the statement for 6 is analogous. □ 

L2. A definition of free Stochastic convolution. In this subsection, we assume Tq{uj). 
We want to give sense to the following kind of integral, for Ug E B2 : J^^ (pt-siUsi^dSg)- We 
will define it by 

f (t>t^s{Ugi^dSs)= t4>lM)*dSs, 
Jo Jo 

and we want to verify the usual properties of stochastic convolution. 

For this, we have to verify that (j)f_g{Us)l[o^t]{s) E ([0, t]), and since </)® is a contraction, it 
is sufficient to show this for Us a simple process, and thus even for Ul[u.v){s), U E LP'{M®M). 
But consider = u + i{v- u)/n, then f/" = YaZ^ 0t-«,,„(?7)lK,„,«,+i,„) is easily shown to 
converge in L^([0, t], L^(M ® M)) to (pf^siU) using strong continuity of (j)^, this concludes 
the preliminaries for the definition. 

Let us define a variant of the spaces of the previous part useful to define a really weak form 
of solutions we will call in the next part "ultramild" solutions. We will write B2 ^g{[0,T]) for 
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the completion with respect to the following norm of 5-simple adapted processes, i.e. recall 
this means processes of the form X = Xjl^t.^tj+i) with Xj E D{6) : 



JO 



We have clearly a continuous embedding i32 5([0,T]) — j- 'B2 05([O,T]) using subsection 1.1 
and the above remark defining stochastic convolution (the first space being clearly dense in 
the second by definition). We have thus a map 7 : B^^^dO, T]) -> L^([0, T], L^(M)) such that 

7(X)t = J^(l)t-si5{X,)ifdSs) and clearly ||7WIIl2([o,t],l2(a/)) < ll^ll 

'^l^s that 7 extends 
to a continuous map (also called) 7 : 5£^^([0,T]) Ll{[0,T], L'^{M)). 

We also want to show that t 1— ?■ {J^ Us^dSsX)^^ of bounded variation so that we can 
remark that we can define something like j^{Usii^dSs-,C,) (with the same value) and see 
{Usjj^dSsiC) as a measure on 1R_|_. But since stochastic integration is an isometry onto its 
image we can project C, on this space thus write its projection Vsi^dSs, and the result is 
a consequence of the isometry property. 

Finally, we want to define for ((•) G C^{[0,T], L^{M)) : (f/,#d^„ C(s)) and show a 
relation with stochastic convolution in a special case. For this, first note that the family of 
functions of the form v'(-)Co5 for ¥'(•) ^ ^"^([0, T], (D) and G L'^{M) linearly spans a dense 
subset of C^([0, T], L^(M)), thus consider also first ({.) in this linear span. Consider also 

Ut = jlu.i^ds,. 

Define j^{Usjj^dSs,'^{s)C,o) = {Jq ^is)Usi^dSs, Co) using the previous paragraph, and con- 
sider like in this paragraph the projection of ^0 on the space of stochastic integrals VsH^dSg- 
Then compute using integration by parts : 
t pt 

{UsifdSs,ipis)Co)= / ip{s){Us,Vs)ds 
Jo 

= ip{t) [ {Us,Vs)ds - [ ip\s){UsXo)ds 
Jo Jo 

= HX{t))- f\usX'{s))ds, 







which extends by linearity on the above mentioned linear span. 
But now, we get the bound : 

(t/,#rf^„V^(s)Co) 







< \H\\2 [\m\\2 + t SUp||C'(s)||2 

< ||Wi||2max(l,t) fsup||C(s)||2 + sup||C'(s)||2 



s 



using ||Wi||2 is increasing with t (by the isometry definition of stochastic integral). We can 
thus extend our linear map by continuity to C(-) ^ C^{[^,T], L'^{M)) and we have also the 
equality : 

(3) [\usi^dSs, C(s)) = (Wi, m) - f\Us, Cis))ds. 

Jo Jo 
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Consider finally ({s) = (pt-siC)^ with ( G -D(A), writing as before Vgi^dSs the projec- 
tion of ( on the space of stochastic integrals. Using this last equality, we get : 

Jo ^ 

{Us,Vs)ds- [ !\\/\^<Pt,{U^),V^)duds 
Jo Jo 

(f/„ Vs)ds - l\f l-A^<j)t,,{Uu)ds, V^)du 

Jo Ju 

{Us,Vs)ds- / {Uu-(t>f-uiUu),Vu)du 
Jo 

(Pt-s{Us#dS,),0 



In the first line we used our identity since (px-siC) ^ ^'"'^([0) T], L'^{M)) since ( G -D(A) (used 
to get differentiability at T). 

We also used lemma |3] (ii) to get line 2. 

Line 4 and 5 are only computations, first with the differential equation, second, with the 
definition of stochastic convolution after simplification. 

In line 3, we have to justify application of Fubini theorem. Note that C = rjaiz) (since by 
Hille-Yosida theory Rangeirja) = -D(A), see e.g. (1.3) in the proof of Chapter 1 proposition 
1.5 in if the projection of z is written Wg^dSs, then Vs = Vai^s) a.e. by lemma 

[3] (ii). Thus Vs is a.e. in D{A'^). We can now use Cauchy-Schwarz inequality and Fubini- 
Tonelli Theorem : 

ds r du\{lA^cjyf_,{Uu),Vu)\ < Trfsf rrfn||l0f_,(t/O||^V^'(rrfn||A«K||D'/' 



c\ rr— SV Lt/' "^/! — I I I Mr) 

JO ^ Jo \Jo ^ J JO 

-t \ 1/2 



<^[j^ du\\U,\\^)j ||A(C)||2<oo. 



Starting from the third line above, applying Fubini to go upwards after a change of variable, 
we also obtain : 

{f<Pt-siUsi^dSs)X)= [\us,Vs)ds- !\f\A^<PtuiUu)ds,Vu)du 

Jo Jo Jo Ju ^ 



{Ut, - j\\A 0s_„(t/„#rf^.), Ods. 



Proposition 4. (Integration by parts for stochastic convolution) For ( G D{A), U G 
B^{[0,t]), we have : 

t <f),,^s{Usi^dSs) = fusi^dSs-A f dsUt^sif U^i^dS,) 

Jo JO ^ JO 



ft ns 

2^ ^ 



Usi^dSs -\a I ds I <Ps-u{U^i^dS^) 
'o JO 
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Jo Jo 
Note the following useful formula we will use often later : 

(4) \\Mml = Ml- f \\A'/A,{x)\\lds. 

Jo 

Proposition 5. For Y E Bl,{[0,T]), define ^{Y)t = fl^ (f)t_s{5{Ys))#dS,) , then 7(F)t e 
Z)(A^/^) for a.e. t <T and morever : 



T rT 

2 
2 

JO 



(5) / Wh{YUldt = -MY)T\\l+ dmY,)\\ 



Moreover, assume Tiioj^C) for any B among 5,A^/^, a, a' > 0, then : 

Jo Jo 

Proof. By Fubini-Tonneli Theorem and the remark before the proposition, we deduce 

f dt t ds\\A'/A,^s{5{YMl = rdsimYMl - \\<Pt^s{S{YMI 
Jo Jo Jo 

Thus lemmaO (iii) concludes the first statement. Since Br]a is a bounded operator, and from 
the first statement and ri(aj,C) c) for the last term, all the terms in are continuous on 
B2 s{[0,T]). As a consequence, it suffices to prove it for simple processes of even Y = Xlj^ ^), 

x'eD{6). 

From lemma [3] (and with an obvious notation -B®), this reduces the statement to 
- fdv^ rdu{B^A^v^'/'C^'<PtJ{X),B^vf/'C^^^ 

J s J s 

But this is obvious after applying Fubini on the last integral and integrating along v. 

□ 

1.3. Useful links between mild solutions and strong solutions. In this part, we will 
also work under assumption ro(ci;). Let us define two kinds of solutions. 

Definition 6. We will call a strong solution an element Xt E B2 satisfying ([2]). A mild 
solution will be an Xt E satisfying : 

(7) Xt = UXo) + [ <Pt-siS{Xs)i^dSs). 
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We call ultramild solutions, solutions of ([7]) in B2^g. We call a weak solution an Xt E 
such that, for any ( G -D(A): 

(X„ C) = (Xo, C) - ^ J\xs, A{0)ds + j\5{X,)#dS,, C). 

We will first recall analogs of usual results (in classical SPDE theory) concerning the link 
between strong solutions and mild solutions. We mainly follow here the proofs (for a classical 
Brownian motion and a classical SPDE) of jT3] Chapter 6. 

Proposition 7. A solution of (EP (in B2 /^) is also a mild solution (even a solution of ([7|) 
'^n B^ ^1/2 ■) 

Proof. First, note that for any ({.) G C^([0, T]; D(A)), and any t G [0,T], we have : 



(X„ at)) = (Xo, C(0)) + J\x.,, —Aids)) + C{s))ds + j\6{X.,)i^dSs, ((«))• 

(To prove this, use to compute the stochastic part and use an integration by parts to 
get the other term). 

Finally, consider ({s) = 4>t-s{C) (which is in C^([0, T]; D(A)) say C G /^(A^) by the 
differential equation that satisfies). The terms inside the usual integral cancel out and you 
get : 

(x„c) = {XoAtiO) + [\six,)i^dSsAt-s{0)- 

Jo 

Inasmuch as you can take any ( G Z^(A^) and D^A"^) is dense (even a core for A by a 
standard result Theorem 3.24 p275 in Chapter V of Kato's book [21]), you get the result 
(using proposition H]). □ 

Proposition 8. A mild solution Xt is always a weak solution, and if it is also in -Bf ^, then 
it is in fact a strong solution. 

Proof. Once we have proved that our mild solution is in fact a weak solution, we are in 
fact done, since on our assumption A{Xs) is (lebesgue-almost surely) well defined and in 
L^([0, T], L^(M)), showing that the wanted equation ([2]) under (.,C) which concludes by 
density. 
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To show that we have the desired weak solution, we will merely use that the solution is in 
y^. Consider thus C e /^(A^) 







{X„A{C))ds 

I [\xoAs{A{0))ds-l f ds r(5(X„)#rf^„,0,„„(A(C))) 



2 Jo 2 70 Jo 

-i(Xo,^V.(A(C))ds) + [{jjt-s{6{X,)4^dS,)X) - {fj{X,)i^dS,X) 

(0,(Xo)+ f<f)t^s{S{X,mS,)X)-{Xo,0- f\6{X,)i^dSs,0 
Jo Jo 

{Xt,C)-{Xo,0- f\sixMdSs,0 



JO 

The first line has been justified in proposition H] applied to the definition of mild solutions. 
The last line, clearly concluding to what we wanted to prove, uses nothing but the definition 
of a mild solution, also used in the first line. Of course the third line uses again the differential 
equation for 0. The second line reduces to the second equation in proposition |H □ 

Finally, to get uniqueness results even in the case of really weak conditions, we want to 
introduce a notion of ultraweak solution for which uniqueness will be easy to prove so that 
we will build unique ultraweak solutions which are also ultramild solutions. This needs some 
results on chaotic decomposition very similar to those of section 5.3 in |2] but not only for 
the free Fock space F{H) with H = L^(1R+) but also for H = L^(1R+)®-'^ and moreover 
with an initial condition space L^(Mo) i.e. we want to see a multiple stochastic integral 
variant of L'^{M) = L'^{Mq -k SC{H)) ~ L^{Mq) -k F{H). Since this requires a little bit of 
notation with nothing new, we merely state the results after introduction of notations. 
For / G L'^{M\ X 1N",L2(Mo)''+^), we want to define a stochastic integral 
/(/) = j f{ti, tn)^dSt-i^...dSt,^. Of course, we extend it by isometry, and linearity like in 
[2] after defining it on appropriate multiple of characteristic function / = lA^ki,...,k„C(o ® ••• ® 
a„, Oi G L^(Mo), 5fci,...,fc„ the function on IN" taking non zero value 1 only on the indicated 
support, A = [ui,Vi]x ... X [un, Vn] with A C IR" — D'^ the usual diagonal e.g. definition 
5.3.1 of by : 

/(/) := «o(5j^) - - 52"))a„. 

Then we can write / = Y.n=ofn ^ L'^{Mo)^F{H) so that /(/) = J^Zo^fn) define an 
isometry / : L^{Mq) F{H) — > L'^{M) determined by I{f)^ = f {Q the usual cyclic empty 
vector in Fock space), like in proposition 5.3.2 of [2]. Recall Pr is the projection on adapted 
bi-processes. It is defined (as F) in proposition 5.3.12 in [2] before free Bismut-Clark-Ocone 
formula (also valid in our context, recall it involves the gradient operator from definition 
5.1.1 in 0) . 

We can now define : 

Definition 9. An ultraweak solution (of ([2])) is a weakly continuous adapted process Xf 
in ;q^(1R_|_, L^(M)) such that, for some C and u, \\Xt\\2 < Ce^* and for all finite sums 



18 Y. DABROWSKI 

g = Y.n9n^ 9n ^ L'^0^+ X IN*^) ^aig -D(A)®"+^ Step fuiictioii as above, then a.e. in t G IR^ 
{I{g),Xt) = {I{g),Xo)-l- [ ds{AI{g),Xs)+ [ ds{6*PrVsI{g),X.,). 



2 _ 

1.4. Mild and Ultramild solutions. Here is the main theorem in the general setting. 

Theorem 10. (i) Let us assume Tq{u!) and that Xq G L^(Mo), then equation has 
a unique ultraweak solution. This solution is also an Ultramild Solution Xt and we 
have, for every T and a. e. in t : 

\\Xt\\l<e'^'\\Xo\\l 

II^IIb5^^([o,t]) ^ ll^o||22 — — — (or 2T||Xo||2 if w = 0). 

Furthermore, if we write X^ a solution for 6 replaced by {l—e)6 (e G (0, 1] then XI is 
a unique mild solution of this variant equation, i.e. a solution of ^}^) in B'^^^^^! ^.nd 
the solution built above Xt is, for every T, a weak limit (e — )■ in B2 ^s{^,T]) and 
strong limit m CO([0,T], {L'^{M),a{L'^{M), L'^{M)))) of the solutions X^. Finally, if 
we assume Xq G Z}(A®'^/^(5) fl -D(A) fl L^(Mo) then the solution satisfies a.e.: 

\\Xt -Xo- S{Xo)i^St\\l < j||A(Xo)||^ + (e-* - l)||Xo||^ 
t^ 



+ \ (||A«i/^(5(Xo))||^ + ^(IIA(Xo)ll^ + u\\Anx,)\\lf'^\\A^^'\5{X, 



+ t sup (||A^/2(0,Xo)||^- ||5(0,Xo)||^) +tV4||Ai/2(Xo) 
se[o,t] 



(ii) Let us assume Viiu^C) and that Xq G D{/\}/'^) fl L^(Mo), then equation (EP has a 
unique Mild Solution Xt. Moreover, we have the following inequalities a.e: 

\\Xt\\l<e^'\\Xo\\l 

If we write X^ a solution for 5 replaced by (1 —e)5 (e G (0, 1]), then, if 5 = S, X| is 
a strong solution, i.e. a solution of ^]^) in B2^{[0,T]), for every T, and otherwise, if 

6 ^ 6 a mild solution by (i). Furthermore, Xt is, for every T, the weak limit (e — )■ 
in B2 s{^iT]) and strong limit in i3([0, T], L^(M)) (the space of bounded functions 
with uniform convergence) of the solution XI. 

Proof. Let us sketch the plan of the proof. Step proves uniqueness of ultraweak solutions, 
which is a useful preliminary. We will first find unique mild (resp strong in case (ii) ) solutions 
after replacing 5 by (1 — e)5 with e > [step 1]. Then, we will prove that when e — t- we can 
get some weak convergence to an ultramild (resp a mild, in case (ii)) solution of ([7]), mainly 
by showing several inequalities like the ones stated in the theorem [step 2 for part (i), step 
3 for part (ii)] 

Step 0: Unicity of ultraweak solutions in case (i). 
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We have to show that an ultraweak solution with Xq = vanishes. The proof is in the spirit 
of Theorem 5.6 in [T7] in the symmetric Fock space context. For Qn hke in definition [HI we 
prove by induction on n X^) = The induction hypothesis or only the definition of 

Vs at initialization, gives the last integral in the definition of ultraweak solution vanishes, 
so that for g = Qn'- 



1 



{I(g),Xt) = -- ds{AIig),X,). 

Since ||Xt||2 < Cexp(a;t), we can consider the Laplace transform for A > a; so that we 
get : 



A 



POO \ POO pt 

/ dtexp{-\t){I{g),Xt) = -- rftexp(-At) / ds{AI{g),X,) 
Jo ^ Jo Jo 

dtexp{-Xt) 



A '•"^ 
2 



2 



dtexp{-Xt){AI{g),Xt) 







Thus ((A + A/2)I{g),Xt) = but /((A + A®("+i)/2)-i(^)) = (A + A/2y^I{g) thus a 
change of g gives the result of the next inductive step. Now by density of the functions of 
the form li^gn) (as in definition of ultraweak solutions) we get Xt = 0. 

Step 1: Assume ro(ci;). For any e G (0, 1] and Xq = Xq G L^(Mo) there exists a unique 
mild solution (even in ^i/2([0, T]) for any T) to XI = (j)t{XQ) + (1 — e)'~f{X'^)t 

Assume nowTi{u,C) and 5 = S. For any e E (0, 1] andXo = X^ e D{A^/'^)nL'^{Mo) there 
exists a unique strong solution (i.e. in B2 ^{[0, T]) for any T) to X^ = (pti^o) + (1 " 



For each statement we can be content with proving for a small T > to be fixed later. Then, 
using the fact that Fq, Fi are translation invariant, if we consider the same problem starting 
at kT, this gives the same thing on any [0,T]. 

The first statement is easy and a consequence of in Proposition O UY G ^i/2([0, T]), 

define an element at least in L'^{Mt) fl D{A^^'^) (for a.e. t G (0,T], by Proposition [S] and 
since Bl^,,,{[0,T]) ^ Bl,{[0,T])) : 

r{Y)t = MXo) + (1 - e) / <pt^s{S{YsWSs). 

Jo 

First of all, T(Y) is in S^^i/a for Y in this space. Indeed, first 0((Xo) is in this space, 
as a limit (coming from of 0j(?7a(Xo)), continuous function in C''([0, T], D(A^/^)) M> 
i3^^i/2([0,T]) (a usual Ai/2-simpl e-process approximation giving this). Second, since, if Yn is 

a A^/^-simple process converging to Y, 'j{Yn) converge to 'j{Y) (a priori in -^^^([0, T], D(A^/^)) 
from Proposition [5] OS])), it suffices to note '~f{Yn) is itself in ^i/2([0, T]). 
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Finally it suffices to check F is a contraction (after moving to an equivalent norm) on 
^i/2([0, T]). Indeed note from proposition O and the definition: 



(8) 



r ds\\A'/'{T{Y), - nZ)Ml < (1 - r ds\\5{Y - Z) 
Jo Jo 

rds\\T(Y), - T{Z)s\\l < (1 - eYT f ds\\8{Y - Z),\\l. 
Jo Jo 



Thus fix < T < e/(2 max(l, w)) so that one can take K = e/2T to get (1 — e + 
i^T) max(l, w) < (l—e/2)A' and define the equivalent norm I |y I = ds\\A^^'^{Y)s\\2+ 

irlly^llg on iS^ .1/2, we deduce from Tq{u) c) and the previous inequalities that 



2,Ai 



s\\2) 



\\T{Y) - T{Z)\\s^ K < ((1 - e) + KT){ [ ds\\A'/\Y - Z),\\l + max(l,a;)||(F - Z) 

<{l-e/2)\\Y-Z\\rs^ 

This concludes to the first statement. 

For the second statement, we want to show F is a contraction on -Bg ^([0, T]) after taking 

an equivalent norm again. We thus now take Y G A([05^])• 
We can apply Proposition [S] (E]) to get : 



< (Ar^, f 5{Yt)4^dSt, r 6{Yt)i^dSt), 
Jo Jo 

where we have used in the second line lemma [3] (ii) and contractivity of r/^, . But now (in 
the case we assume F^ and 6 — 6), we can use lemma [3] (i) and then Fx c') and the bound in 
lemma [2] for Ha to get : 

{Arja f 5{Y,)i^dSt, f 6{Yt)i^dS,) 
Jo Jo 

= 6oA{r]a{Y,MdSs+ r na{Ys®A"\Y,))i^dS,, f 5{Yt)i^dSt) 
Jo Jo Jo 

< r \\A{Yt)\\ldt + {ma.x{l,u)C + u) \\Yt\\l + \\A'/\Yt)\\ldt. 
Jo Jo 

But better, we can write \\Ar]i^yf^{Y)t\\l = {Ar]a{Ay/^7]lYl{Y)t, {Ay/^7]'f^iY)t) to 
show that this increases to 1 1 A?7^(^7(y)( | ^ in a and then to ||A7(y)t||2 in a', with the 
inequality bellow and as a consequence (recall C > 1) 'y{Y)t G -D(A) a.e. and we got : 

(9) r dt\\A^{Y\\\l< r \\A{Y,)\\ldt + 2max{l,u;)C + \\A'/\Y,)\\l dt. 

Jo Jo Jo 

Time has gone to choose T small enough and introduce the equivalent norm on -Bg a([0, T]) 
for which F will be a contraction under the assumption of (ii). 



A FREE STOCHASTIC PARTIAL DIFFERENTIAL EQUATION 21 

First choose T such that Tu < 1 — (1 — e)^ so that Tu < (jz^p — 1- Second, let L > 
2Cmaxa.^Ki+T) ^ and K = Lu + 2C max{l , u) > thus : 

L> L7]:= L(l-e)=^+(2Cmax(l,a;)(l+T)+cjTL)(l-e)^ = L(l-e)=^+(2Cmax(l, a;)+Ti^)(l-e)^ 
We get also : 

K > Kt]' := (1 - efK{l + Tu) = (1 - e)^{Lu + 2Cmax(l, + KTu). 

Finally define the clearly equivalent norm : ||-^||ii^7- = /g^-L||A^/^(Xs)||^2(^)+-ft'||-^s||^2(,-) + 
||A(Xs)||^2(^)'^s. We get, using ([8]) and ([9]) in the first line, and then assumption c in the 
second line : 

(l - ^niiY)\\lK.T < - er r\\A{YMdt 

jdt 







l-e)22Cmax(l,a;) / \\A'/'{Y,)\\l + \\Yt\\ldt + {L + KT){1 - e)' [ \\6{Y,)\\ 
Jo Jo 

\\A{Y,)\\ldt + Lrj r \\A'/'{Y,)\\ldt + Krj' f m\ldt 
Jo Jo 



< il-e? 



< max ((1-6)2,77,77') 



K,T- 



First of all, this shows that r(y) is indeed in a fo^^ Y in this space, first since </)((Xo) is 
in this space as before and second, since, if y„ is a A-simple process converging to F, 7(^n) 
converge to 7(1^) (a priori in //^([O, T], D(A)), and 7(l^n) is itself in -Bg a- 

Then, we can say that F is a contraction on -Bg ^([0,^]) equipped of the norm 1 1.| |L._ft:,T; 
this concludes. 

Step 2: Conclusion of the proof of (i). 



Applying orthogonality (via lemma[2](iii)) and equation ^ on (1— e)7(X'')t = X^*^— 0((Xo), 
we know that for any T : 

f dt\\A'"Xl\\l= rrft||AV20,(Xo)||^-(l-6f||(7(X^)T)||^ + (l-ef f dtmxi))\\l. 
Jo Jo Jo 

Using equation (j3]) and orthogonality and then assumption c we deduce : 



(1 - efMX^Wl < \\X,\\l - mXo)\\l + fuiWlds. 

Jo 

\\Xl\\l = \\Xl\\l + {l-ef\\ f5{Xl)i^dSM- f\\A^'\Xl)\\lds<\\X^,\\l + uj f \\Xl\\lds 

Jo Jo Jo 

Note this second inequality works for e = as soon as we have a solution in this case. We 
can use Gronwall's lemma (e.g. Th in |58]) on this second inequality. It proves the first 
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inequality of the theorem (for X"^ as X). Combining this with the first inequahty, we get 
after integration the second inequahty in part (i), showing that is bounded in -Bj ^^. 



1-e 



Modulo extraction, we get a *-weak limit in B2^g{[0,T]) by compacity. As a consequence, 
since 7 is a linear continuous map as recalled in the part on stochastic convolution, 'j{X'^) (or 
at least the image of the previous extraction) converges in L^([0, T], L^(M)) weakly. Since 
(j)t{Xo) is a constant in this space we can take the limit and verify the equation in this space, 
thus a.e., we especially get an ultramild solution. Since we deduce any such *-weak limit 
point is also an ultraweak solution (since X'^ is a mild thus weak thus ultraweak solution of 
the e variant) we get *-weak convergence from uniqueness proved in step 0. 

Moreover, taking ^ G L^(M), with, say, the projection of ^ on the space of stochastic 
integrals given by rjsjj^dSs, let us prove that {^,X^) is an equicontinuous and uniformly 
bounded family (for e G (0, 1]) on [0,T]. From what we obtained above, only equicontinuity 
need to be proved, but (for t < r) we have (using the equation for X^ and Cauchy-Schwarz): 

(e,x;-x,o<iieii2ii0.-t(Xo)-Xoii2 
+ (1-6) rds{rjsAf-sm:))) + {i-e) tds{4>f^,vs-vsAf-sm:))) 

Jt Jo 



< ||e|M|0.-*(Xo)-Xo||2 + (^^rf5||^.||^)^/'||(l-e)7.(X^ 
+ {t\\<l>f-tVs-Vs\\iy/'\\{l-eH{Xm2 







< \\^\\,\\^^_,(Xo)-Xo\\2 + e--/'\\Xo\\2(^^^ 

This concludes using strong continuity of 0f (and using Heine-Cantor Theorem). As 
a consequence, using Arzela-Ascoli Theorem (and separability assumption on L^(M)), we 
get via diagonal extraction, Xt is weakly continuous, and limit of a subsequence of X^ in 
C°([0,T], (L^(M), (t(L^(M), L^(M)))). As a consequence, this easily enables us to pass to 
the limit e — ?■ in the first inequality of the theorem. From this we get also that any limit 
point is an ultraweak solution, so that from uniqueness we get the stated limit without 
extraction. 

We now establish the supplementary inequality. 
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First by orthogonality and assumption d) of TqIu), we have : 
||X^-Xo-(l-e)5(Xo)#5T||^ 



T 



WMXo) - Xo 1 1^ + (1 - ey / |0f _,5(0,(Xo)) - Six,) + 6)^1 17 o ^{X^hWl- 



Morover, the same kind of orthogonahty and relations ([5]) and (j3]) imply that 

(1 - em ° liX'hWl = f dt{{l - efmXDWl - W\Xl)\\l) 

Jo 



T 



+ / dt{\\A'/\MXoml - (1 - + (1 - 6)2||AV2(^(0,(Xo)),)| 



2 





< (e-^ - l)||Xo||^ + Tsup {\\A'/\<PM\\l - (1 - efMcPMWl) 

[o,r] 



+ (1 - ef f dmuxoMi - UT-Mt{Xo)m 

Jo 



where we used, in the first inequality, the first inequality of our theorem. 
Our first line is in our estimate, it only remains to get the other terms by several elementary 
computations (only involving Xq). 

dtm_,sicj>,{Xo)) - sixom + mMXomi - \\<pT-tS{MXo)m = f dmcj^^x, - x,) 

Jo 

+ 2^ [ dt {6{Xo) - 0f „i5(Xo), 6{Xo)) + 2^ [ dt - zd)6{Xo), 6{Xo - M^o))) 

Jo Jo 

< f dt ||Ai/2(0,Xo-Xo)||^ + rV4||Ai/2(Xo)||^ 

+ f dt{T-tm^^l\5{X,))\\l 
Jo 



T 



+ / rftVt(r^(||A(Xo)||^ + a;||AV2(Xo)||^)i/2||A«V2(5(Xo))||, 

= / dt \\A'/\<p,Xo- Xo)\\l + T'u;/4\\A'/\Xo)\\l 
Jo 



+ ^ {\\A^'/'{6{Xoml + ^(IIA(Xo)ll^ + a;||AV2(Xo)||^)^/^||A«V2(5(Xo))|b 

The inequality comes from ro(c(;)c) and several uses of the spectral theorem applied in the 
form {{id — (ptYx, x) < {\Ax, x) {i = 1 or 2). 

Finally it remains to compute the last line using the spectral theorem for A : 

"'^rft||AV2(0,(Xo)-Xo)||^ = 4||0^/2(Xo)||^-3||Xo|p-||MXo)||^ + T||AV2(Xo)||^ 



2((0r-zd + TA/2)(Xo),Xo) - | |</.t(Xo) - Xo| |^ 

^2 



<— ||A(Xo)||^-||0t(Xo)-X, 
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Putting everything together this concludes to : 

- Xo - (1 - e)5{X,)i^S,\\l < ^||A(Xo)||^ + (e-* - l)||Xo||^ + (1 - (1 - ef)\\MXo) - X, 

+ ^ (\\^^^/\5{X,))\\l + ^(IIA(Xo)ll^ + a;||AV2(Xo)||^)V2||A^V^(5(Xo))|b) 
+ t sup (I I Ai/2(0,Xo) 1 1^ - (1 - ef\\5{<i>sX,) 1 1^) + t2a;/4| | Ai/2(Xo) | |i 

[0,i] 

We easily obtain the limit case e = using the hmit in C°([0, T], (^^(M), ^(^^(M), L'^{M)))). 



Step 3: Under the assumptions of (ii), with depending on our fixed T > 0, and for 
Xq G -D(A), there exists a unique mild solution Xt of (|2]) which is the weak limit in 
and strong limit in S([0, T], L^(M)) of the solution XI of step one. Moreover, this solution 
satisfies the two first inequalities of (ii) in the theorem. 



Consider e > like in step 1. In case 5 7^ 5, we don't know X^ G -D(A) since we have only 
a mild solution, we have to circumvent this trouble for computational purposes. 

Applying the first part of step 1 with 5 replaced by 77®5, we get a solution Xl'^ in -Bg A1/2 

and since by proposition [5] ([5]) and the argument in step one, '^{Xl'^) G B"^ ^1/2 we deduce 
rip'y^Xl'^) G ^2^3/2- As a consequence if Xq G -D(A) we get as in step 1, Xl'^ G S^^g/j- 

We can now compute for our solution X^'^ . We can apply Proposition [5] (|6]) in case 
5 = 5, a = a' = /3 and the variant of (gD vahd for x = Xq e D(AV2) ; = 
||5x||2 — Jq* 5J(5A0s(x), Using also orthogonality from lemma[3]but for 5, we get : 

II^W^)ll2 = mxml + (1 - ^fWhp f 5{Xf)i^dSs\\l - f\{5^XfMf)ds. 

Jo Jo 

We have thus shown : 

Il«''')ll2=ll«)ll2 

+ (1 - ^riHS + n,) f 6{Xf)4^dSM - f 5R(A« o ~5{Xf) - n{8{Xf)\ ~6Xf)ds. 

Jo Jo 

We used the identities of assumption f ) and of lemma [2] about SA and Srjis justified since 
almost surely in s X^'^ G -D(A^/^) and because via lemma [3] (i) we know 5{Xl'^)^dSs G 
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D{6). We deduce : 

<ll«)ll2 + (l-e)' f\\~5''6{Xf)\\lds + 2^{kf^ f 5{XfUdS,,H, f 5{XfUdS,) 

Jo Jo Jo 

- f 3fJ(A® o ~5{Xf) - n{5{Xf)), ~5Xf)ds 
Jo 

<ll^(^o)ll2+ / 2Cmxf)\\lds + 2^{57^p [ 6{Xf)i^dSs,Hp [ 6{Xf)i^dSs) 
Jo Jo Jo 

< mXo) \\l + J\2C + 2^(a; + 2mm f) Wlds. 

In the first line we used 77/3 contractive after computing tlie first scalar product. In the second 
line we used assumption h to cancel one term and the bound HT/H < C. In the last line we 
used assumption g, the bound on "H^ from lemma [2] and ||5?7/3|| < Cy/u + 2/3 already used 
there. 

Applying Gronwall's lemma, we got (for /3 > 1): 

As a consequence, we get a weak limit point X^'°° in B2 ^Let us show such a limit point is 
a solution of ([2^) in 82^- giving by uniquenessXj*^'°° = X^, and the fact that the weak limit 
point is a limit. Of course it suffices to show the equation weakly, the only non trivial limit 
is the stochastic integral, but since SX^'^ is bounded it is easy to remove r/^ on the other 
side of the scalar product, and then to use weak convergence of X^'^ in ^Bg^. We also get a 
corresponding inequality a.e. for the limit by seeing the inequality weakly in L^([0,T]). 

As is usual, if we are able to prove bounds in D{6), we can also deduce ||.||2 Cauchy 
property. Using ([5]) after using the SDE and the common initial conditions, we also get (for 
< e,?7 < 1) : 

\\X^-X?\\l = M{l-e)X^-{l-r^)Xml 

= - f WA'^Hil - e)X: - {1 - r^)Xmlds + f Mil - e)X: - {1 - v)Xmlds 
Jo Jo 

< - f \\A'/\X: - Xmlds + /V(^:-^s'')ll2 + 12max(6,r/)max(||5(X:)||2,||5(X,^)||2frf.. 
Jo Jo 

In the last line we used an elementary bound on the second integral expanding the scalar 

products with (1 - e)X'^ - (1 - v)Xs = i^s - ^s) + iv^s " ^^s) and again the SDE with 

same initial condition on the first integral. Using assumption c) and our bound on ||5(X^)||2, 

one gets : 



X't-ml< rc.||(X:-X,^)||^ + 12max(e,r/)||5(Xf)||^e(^+2-)^^^d^ 
Jo 



< 12max(e,r/)||5(Xo'^ 



(6 + 2uj)C^ 
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As noted at the beginning of step 2we know any (mild) solution of the case e = 0, if it 
exists satisfies < e'^*||Xo||2, giving especially uniqueness. 

We have thus obtained strong convergence on in B{[0, T], L^{M)) by Cauchy property. 
We have also boundedness of X^ in i?2<5; which gives by weak compacity a limit up to 
extraction when e — )■ 0. Once we will have proved that any such limit point is a mild 
solution with e = 0, uniqueness (of the solution thus of the limit point) will get that in fact 
X^ weakly converges in to the newly found solution Xt. Since we have already noticed 
weak continuity of Stochastic convolution, we are in fact done (for proving that any limit 
point is a mild solution). 

Finally we conclude the proof of the part (ii) of the Theorem, by considering ?7q,(Xo) as 
initial condition of a solution Xt^a, in case we have only Xq G D(A^^'^) (and not anymore 
D{A)) and letting go a — 00 with the same weak limit arguments we show that Xt^a 
converges weakly in ^1/2 to Xt. Moreover, note for further use that we have also strong 
convergence of Xt^a to Xf in B{[0,T], L'^{M)) by the following inequality (proved as above 
for the Cauchy property, except we don't have the same initial conditions anymore, but more 
cancellations) : 

I \Xt,a -Xt,p\\l= \\MXo,a - Xo,p) + \ h{Xt,o. - Xi,^) \\l 

= \\<Pt{Xo,o.-XoMl - / \\A'/'i{X,,a-X,^^)\\lds+ I \\5{X,,^-X,M\lds 

Jo Jo 

<\\Xo,a-Xo,p\\l - [ \\A'/^{X,^a-X,^p)\\l-\\A'/^<f)s{Xo,a~XoMlds 
Jo 

+ [ ||AV2(x,,,-X,,;3))||2 + u;||X,,„-X,,/3||> 
Jo 

< e-* (||r/,(Xo) -r/^(Xo)||^ + T\\rj^{A'/'Xo) - Vpi^'^'Xo)\\D . 

□ 

2. Our Main example : Derivation-Generator of a Dirichlet form 

As explained in the introduction, our main case of interest will be when 5 is a derivation 
and A = 6*6 the corresponding generator of a Dirichlet form. Note that in that case it is 
well known (cf e.g. [D]) (pt and rja are completely positive contractions on M. 

2.1. Preliminaries and notation around zero extensions of a derivation on free 
Brownian motions. 

2.1.1. Setting and extension. Recall M = W*{Mo; Si^\o < s < 00, < j < A^) (we will 
consider only here the case of finitely many derivations and thus free Brownian motions) 
and Mt = W*{Mo; Si^\ < s < t,0 < 3 < N). 

Let us assume we are given d : D{d) HS{Mo)^ ~ {L'^{Mo)®L\Mo))^ ^i®o (^^(Mo)^ 
L^(Mq^))^ a derivation valued in a direct sum of Hilbert-Schmidt operators over L^(Mo). 
As usual the identification of L^(Mo) ® L^(Mo) to Hilbert-Schmidt operators sends a (8> 6 to 
the finite rank operator x H- aT{bx). As real bimodules they are considered with bimodule 
structure induced by a{h®c)d = ab^cd, and real structure J{a®h) = b* ®a* corresponding 
to adjointness of Hilbert-Schmidt operators. We will emphasize the isomorphism 1 ® O with 
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L^(Mo) ® L'^{Mq^) (coming from traciality) with corresponding bimodule structure when 
necessary (it is induced by the identity map for a, 6 G M (1 ® 0)a ®h = a®h with h seen 
in M°P). 

First we consider a notion of equivalence of derivations (corresponding to a strong way of 
requiring they have the same domain with equivalent norms). 

We write Zj = (0, ...,0, 1 ® 1,0, ...,0) in HS{Mo)^ the non-zero term lying on the j*^ 
component . We also write dj for the j*'^ component in HS{Mq)^ (and we will use freely 
later this kind of notations). For U G (M) ^ L"^ {M°p) , K G M®M°'p, we write consistently 
with our previous notation U^j^K the map induced by multiplication in M®M°'p. If f/ G 
L'^{M) ® L'^{M), we write in this way the map induced by the previous isomorphism : 
1^0{U#K) ■=l®0{U)i^K. 

Definition 11. Two real derivations 9(i),9(2) as above defined on the same domain ^ are 
said to be equivalent if for every j there exists ij, kj G [1,A^] and Ij,Kj G M®M°p 
(without loss of generality J{Ij) = Ij,J'{Kj) = Kj), such that Vx G ^ (1 ® 0)d(^i)j{x) = 
(1 (8)0)9(2)ij.(x)#/j, (l(8)0)(9(2)j(a;) = (1 (g) 0)9(1)^^ (a;)#A'j. We say is reducible to 9(2) 
Ct7i -regularly with respect to 9(3) (another real derivation closable L^(Mo) — L^i(Mo® Mq), 
Wi > 2), with coefficients {kj,ij,Kj, li), if they are equivalent as above with Ij invertible in 
M®M°P, and Jri g D(l®d^') n D(9(3) ® l"'). 

Note that if 9(i),9(2) are closable and equivalent so are their closures. 

Domains of closures will be considered in this setting, D{d) C Mq is a weakly dense 
*-subalgebra. We will really soon impose conditions making d closable as an unbounded 
operator from L'^{Mq,t) — )■ HS{Mq)'^, and real (i.e. we have the relation d{x)* = d{x*) 
with the adjoint of Hilbert-Schmidt operators in each component and as a consequence 
{d{x),yd{z)) = {d{z*)y*,d{x*)),\fx,y, z G D{d)). After extending it to a closed derivation 
5 on M we will be interested in the corresponding generator of a Dirichlet form A = 6*6. 
This part will find realistic assumptions on d to get ri(a;,C) and thus to be able to apply 
our general theory. 

Suppose also that Jj := d*{Zj) G L^(Mo) is well defined for all j G [1,A^]- We have a 
well-known lemma (identical to Proposition 4.1 in j53] which is valid for any real derivation 
of the kind considered above, as pointed out after Proposition 6.2 in |54] ) : 

Lemma 12. With the conditions above (except the condition closable which can be deduced 
from the other conditions via the lemma, i.e. d real densely defined derivation with Jj := 
d*{Zj) G L'^{Mo)), {D{d) ®aig D{d))^ is contained m D{d*) and we have : 

d*{a ® b) := d*{aZjb) = ajjb - (1 ® T)[d,{a)]b - a(r ® l)[dj{b)]. 

Moreover (see e.g. [TT] Remark 7, using mainly [H], cf. also [32]j, 9|jvf(,nD(a) defines a 
derivation (noted d°° on the *-algebra Mq fl D{d) ), closed as an unbounded operator Mq — ?■ 
HS{Mq)^ . Finally (see e.g. proposition 6 in [TT] ), for any Z G D{d) fl Mq, there exists a 
sequence Z„, G D{d) with \\Zn\\ < \\Zn — Z\\2, \\d{Zn) — d{Z)\\2 — )■ 0; the statements 

not involving d* also hold for a derivation equivalent to d. ■ 

Consider also D{6) = D{d)*(C{Si^\ < j < iV, < s < oo) C M, the algebra generated by 
S^J^ and D{d) (thus D{6) is a weakly dense *-subalgebra of M). Define 6 : D{6) ^ HS{L^{M)) 
the unique derivation such that 6{x) = d{x) if x G D{d) and 5(5"^^) = for all t. Then, 
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clearly Jj = 6*{Zj) e L'^{Mo) C L'^{M) (see e.g. [HI Example 2.4]), and using the lemma 
above, 6 is also closable (since 6* is densely defined). 6 is thus a closable real derivation, 
like d. If we start instead from equivalent to d we get in the same way a closable 5(1) 
equivalent to 6. We may sometimes write (5~ : MnD{6) HS{L'^{M))^ the analog deriva- 
tion defined in the previous lemma (when we want to emphasize the domain). We will write 
A = 6*6 the associated generator of a completely Dirichlet form, (pt the semigroup generated 
by — 1/2A, rja = the "resolvent map" associated, as before. As we already pointed out, 
they induce completely positive contraction on M. 
We thus only assumed assumption or even 0': 

Assumption :(a) d : D{d) — t- HS{Mq)^ real derivation D{d) C Mq weakly dense 
*-subalgebra 

(h) Jj ■= d*{Zj) G L2(Mo) is well defined for all j G [1,A^], and 5 is an extension by 
on free Brownian motions : 5{x) = d{x) if x & D{d) and 5(5^^) = for all t. 
Assumption 0' (resp Q'^m^"^^) :(a) d : D{d) if S'(Mo)^ real derivation D{d) C Mq 
weakly dense *-subalgebra 

(b) d is equivalent (resp. reducible Wi-regularly with respect to 9(3) j to d satisfying 
assumption and 5 is an extension by on free Brownian motions : 5{x) = d{x) if 
X G D{d) and 6{Sf) = for all t. 

This subsection will mainly develop general consequences of this assumption 0, giving at 
the end Tq. Assumptions with primes are technical and will be used mainly in section 2.1.5 
and its preliminaries and sequels, assumption with ciJi-regularity will be used in the key 
proposition [2l] through lemma [25l Note that any prime variant is implied by a non-prime 
variant with the same derivation equivalent via 1 (g> 1. We may sometimes use stronger 
assumptions {p,q,wi > 2): 

Assumption Op (resp O;, 0?'''"') .■ (a) d : D{d) -> (Lp(Mo) ®aig Lp{Mq))^ 
HS{Mo)^ real derivation D{d) C Mq weakly dense *-subalgebra 
(b) 5 satisfies (resp 0', 0'^(3)'^i ) 

Assumption (resp 0^', Op^''^'"') .■ (a) d : D{d) (L^ {Mo Mo))^ HS{Mo)^ 
(resp. d : D{d) (L^ (Mo)®Lp(Mo))^ ^ HS{Mq)^) real derivation D{d) C Mq 
weakly dense *-subalgebra 

(b) 5 satisfies (resp 0',of 

Note that real corresponds to the corresponding adjoint map on the algebraic tensor 
product or in LF' setting and we always consider closures or equivalence for the derivation 
with value in the setting induced by the canonical map written above. 

Assumption Op^g (resp Op q,0p,5^''"\0p ,j,Op|g, Op,g'^''^^) .■ Assumption Op (resp 

0;,0?",0;;,0;^', Op^'"'"'; and (c) -.= d*{Zj) G L«(Mo) (resp. for the correspond- 
ing equivalent derivation given by 0', 0'^(3)'^i in cases with primes) 

2.1.2. Useful -closures. Here we assume assumption 0'. 

We will also define following j35] 1.4, an analog of A, : M — > L^{M,t) (there noted 





*),by 



(11) 



D{A^) = {x eD{6) nM \ {6{x), 6{y)) 

extends to a normal linear functional on M} 
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A^{x) is defined as the adjoint of tlie Radon-Nikodym derivative of the preceding hnear 
functional y H- {6{x),6{y)), i.e. {A^{x),y) := r{A^{x)*y) = {6{x),6{y)) (note the antihnear 
duahty bracket consistent with scalar products). 

Likewise we can define 6*^ : (^^(M) ® L'^{M))^ -> L\M,t), by 

D{6*') = {U e{L\M) ® L\M)f I y ^ {U, %)) 

extends to a normal linear functional on M}. 

6*^{U) is defined as the adjoint of the Radon-Nikodym derivative of the preceding linear 
functional y i— {U,6{y)). By the very definition, we see that for any x G D{A^), 6{x) G 
D{6*^) and A\x) = 5*^6{x). Moreover, we see obviously that 6 is a closed densely defined 
operator (using D{6*) C D{6*^) and 5|m®d(5) is a densely defined formal adjoint.). Note the 
following elementary lemma (using mainly the fact that 6°° is a derivation) : 

Lemma 13. D{A^) is a *-subalgebra of M containing D (A) (1 M , and for any x,y G D{A^): 

N 

A\xy) = A\x)y + xA\y) - 2 ^ m o (1 ® (r o m) ® l){5i{x) 6i{y)), 

i=l 

where m denote the multiplication map L'^[M)®L'^[M) — )■ L^(M). Finally, for any x,y E 
D{A^): {A\x),y) = {x,A\y)). 

Proof. Take x, y G D{A^), z e Mn D{6), 
thus 

{5ixy),S{z)) = {S{x)y,Siz)) + {xSiy),S{z)) 
= {5{x),6iz)y*) + {6iy),x*6iz)) 

= (5(x), 6{zy*)) + {6{y), 6{x*z)) - (5(x), zS{y*)) - {5{y), S{x*)z) 
= {A\x)y, z) + {xA\y), z)) - {6{y)z\ 6{x*)) - (5(y), 6{x*)z) 
= {A\x)y, z) + {xA\y), z)) - 2 5^Tr(5,(y)* o 5,(x)*^). 

i 

= {A\x)y, z) + {xA\y), z)) - 2r(^m(^ 5,{x) o 5,{y)r). 

i 

In the fourth line, we used the definition of and the fact 5 is a real derivation. We used 
at the next to last line the identification of ® with Hilbert Schmidt operators and the 
Trace on trace class, and the relation 5i{x)* = Si{x*) with the adjoint of Hilbert-Schmidt 
operators coming from the fact we have a real derivation. At the last line we used the 
multiplication map to L^{M), induced by m{a ® 6) = ab. 

This proves the domain property and the equation. □ 

We will also need an extension : L'^{M) — j- L^{M). But the last equality of the previous 
lemma especially shows that A|£)(A)nM '■ M — )■ L'^{M) is a (a- weakly) densely defined formal 
adjoint of A^ : L'^{M) — >■ L^{M), thus this operator is closable. And moreover, for any 
X G D{A)nM,y G D(A^), (A(x),|/) = {x,A^{y)). 

Note the following elementary lemma, using MnD(A) is a core for A (thanks to stability 
of M by 00 : 
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Lemma 14. For any x,y G -D(A) with either x or y in M, then xy G D{/S}): 

N 

AT(x2/) = A(x)y + xA(y) - 2 ^ mo(l(g)rom® l){5i{x) ® Si{y)), 

1=1 

where m denotes the multiplication map L'^{M)^L'^{M) — )■ L^(M). ■ 

We end this section with an extension of 5 : — ?> L^^*^. We also write 1 ® O for the 
isometry U\M)®Lp{M) U'{M)®U'{M°'p). 

Lemma 15. Assume 0^^ q,p> 2, then, and r < oo such that 1/r < min(l — 1 — 1/p), 
s G {l,p], 6 : UXM) {L^{M (g) M))^ (^mi/i domain D{6)) is closahle, we write 5'''"* this 
closure, 5'^ z/r = 2. Moreover for any y G ''^ ) tt^zi/i either x G 1^(5'''*), or x ^ D{6) flM 
(^i/ien to/^e r = oo, s = 2 and write bellow 6^''''' = 6 abusively) or x & D{5) (then take r = oo, 
s = p and "5^''^ = 6" abusively), such that there exists r",s" satisfying the constraints for 
r, s above and 1/r" > 1/r + 1/r' and 1/s" > max(l/r' + 1/s, 1/r + 1/s') then xy G D{S^ ''^ ) 
with and 6^ (xy) = 6^''^{x)y + x6^ ''^ (y). Assume only 0^'^, then the same is true for 1 ® 05 
and we write 5^''^'' : U{M) {L'{M ® M°p))^ the closure. 

Proof. Since Mq ®aig is dense in the dual of L^, the densely defined adjoint is already 
given by lemma fT2] (for r = oo, the pre-adjoint between preduals). Note, the assumption 
on r g,p gives the right space for the adjoint in L'' + W C U/^'^~'^\ By Holder inequality, 
the derivation property goes to the limit. In case of assumption 0^'^, 1 ® 05 : D{5) 
{LP{M (g) M°P))^ -> {L^{M (g) M°P))^and equivalence gives that the equivalent derivation is 
valued in {Lp{M (g) M°p))^ so that the reasoning before can be applied to it, and equivalence 
gives it back for 5. □ 

For f/ G L*" ® U', Z G L", we note U#Z G LP with 1/p = 1/r + 1/r' + 1/g the usual 
extension of a ® b^Z = aZb given by Holder inequality (for appropriate ranges of r,r',q), 
mU = U^l the corresponding multiplication map (g = oo here). With those notations, the 
following limit variant of lemma [12] is obvious. 

Lemma 16. Assume 6 satisfy 0^^ with q,p > 2, r G [2, oo] , s G {l,p] 1/s' := max(l/s + 
1/r, 2/r + 1/q) < 1. Consider U G D{S'''') ®aig D{6'''). 

Then U G D{6*^) and 8fU = U^^Jj - m(l ® r ® l){6j'' ® 1 + 1 ® 6j''){U) G L'' . m 

2.1.3. Lemmas about the extension. Here again we only assume 0'. 

We can consider (5®1)©(1®5) : L"^ {M) ® L"^ {M) {L"^ {M) (g L"^ {M) (g L'^ {M)f^ , (later 
abreviated 5 ®1®1®5 ox 5®) which is easily seen to be densely defined on D{5) ®aig L){S), 
and closable (with an explicit densely defined adjoint coming from lemma [12] in case of 
assumption 0). We will write A® := {6®l®l(g6)*{6(gl®l(g6) = A (g) 1 + 1 (g) A, which is 
thus a densely defined closed self-adjoint positive operator. It can be seen, as stated above, 
to be equal to the closure ofA(g)l + l(g)A (defined on -D(A) ®aig L>{A), using the stability 
of this space by (pt ^ (pt, or rather more the regularization effect, implying this is a core of 
the previous closed operator). 

Recall .i^{Si-Si)/y/t - s : L"^ {M s) ® L"^ {M s) -> L'^{M) is the standard isometry extending 
(a ® b)i^{Sl - Si) = a{Si - Si)b. Likewise, we define #j extending (a ® 6 ® c)i^i{Sl - SI) = 
a{Si - Si)b ® c and (a ® 6 ® c)i^2{Sl - Si) = a(g h{Sl - Si)c, a,b,ce M,. 
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Corollary 17. For any U G D{A®) n L'^{M,) ® L'^{M,), then Ui^iSj - Si) G D{A) {t > s) 
and : 

A{Ui^{Sl - S'^) = A^iumSl - SI). 

Moreover, for any U G L\M,)(^L'^{M,), U#{Si-Si) G D{6) if and only ifU G D{5®1®1®5), 
and we also have 

5m{si - SD) = 5®i(f/)#2(5i - SD) + ms{u)i^,{si - si)). 

As a consequence, such an element is orthogonal to any L^(Mo Mq) (as claimed in as- 
sumption d) ). 

Proof. Consider U G {D{A) fl Ms) ®aig (-D(A) n M^), and by linearity even U = a®b, then 
by lemma fT3| we have U^{Sl — SI) G D{A) and the formula comes from the formula there 
(applied twice and using freeness to cancel the other terms). The density remark before 
the proof and the isometry .i^^Sf - Sl)/^/t^s : /.^(M,) ® L^{Ms) L'^{M) conclude the 
general case. 

The second property comes from 5 a derivation starting with the case U & D{6) ®a/g-D(5) fl 
Ms ® Ms, and using 6 closed for the if part and in order to extend the formula. The only if 
part uses 6 is defined first on D{d) * (D(S'P\o < J < A^, < s < oo). and the fact we can 
take the approximation of U^{Sl — SI) in the image of Ms ®aig Ms by — 5**) (using 

freeness and the derivation property on the free product above to get the projection of a first 
approximation on the set above is dominated for the norm of 5 by the first one). □ 

We will need a result to find a core for 5 from one for 9, this is given by the following : 

Lemma 18. Let B d M he a *-algehra, core for d : L'^{Mq) L'^{Mq ® Mq), then B * 
(D{S^^\ < j < N,0 < s < oo) IS a core of 6 : L^{M) L'^{M®M). Analogously if B d M 
he a *-algehra, core for d*d, then B * €{Si''\ < j < N,0 < s < oo) is a core for 6*6. 

Proof. We have to show that for any x G D{6), e > we have a d B * (C{Ss'^\o < 
j < N,0 < s < oo) such that ||x — Xe\\2, \ — a^e)||2 < £• First, by definition D{6) = 
D{d)*(C{Si^\ < J < iV, < s < oo) is a core for 6. Thus take first ay,e D{d)*<D{Si^\ < 
j < A^, < s < oo) with ||a; — ye\\2, \ \S{x — ye)\\2 < e/2 and write as a finite sum of M 
products xiX2...Xp of elements of D{d) or (D(^F\o < j < A^, < s < oo). Then for 
each such product of p factors take a bound i? > 1 on the ||.||oo-norm and ||(?(.)||2 of each 
factor. Inasmuch as we have assumed 5 is a core for d, use the last remark of lemma [T2] 
(where B replaces D{d), using the equivalence of a-strong convergence and 1 1.| |2-convergence 
on bounded subsets of M and the cx-strong continuity of the actions of M on HS{M)) to 
approximate each factor Xi coming from D{d) by a term Xj^^ of B, bounded in ||.||oo by i?, 
close of Xi under ||(9(.)||2 and ||.||2 say as close as e/2Mp^RF~^ and such that we also have 
\\{xi - Xi^^)xi+i...Xi+kd{xi+k+i)\\2A\d{xi-k-i)xi-k---Xi-i{xi - Xi,,)||2 < e/2Mp2/?p-\ for all 
suitable k, using the strong convergence for the above finite number of vectors. Moreover 
if Xi G (D(S'i"'\o < J < A^, < s < oo), take Xi^^ = Xi. To obtain x^, replace in y^ the M 
products Xi...Xp by above. This x^ fit our requirements. To detail a bit, for 

instance, the hardest approximation to prove, the one for 6{xe — ye), requires to consider M 
terms 6{xi...Xp — Xi e-.-Xp^^); and thus p products after application of Leibniz rule for such a 
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term, typically (in the worst case where Xk G Mq): 

\\Xi...S{Xk)...Xp - Xi^^...5{Xk,e)---Xp,e\\2 < \\Xi^^.. .6 {Xk,e) ■ ■ ■Xp,e - • • . . .Xp,, 1 1 2 

+ - Xfe_i,e)5(a;fc)...a;p,e||2 + ••• + - a;i,e)...XA;_i5(xA..)...a;p,e| I2 

+ lki---a;fc-i<^(a;fc)(a;fc+i - '^k^\,^---'^vA\'i + ••• + Iki---a;fc_i5(xfc)xfc+i...(xp - Xp^JIb 

Thus we obtain a bound in e/2M for each term in the sum of products, with M terms. 
This concludes \\5{xe — ye)\\2 < e/2. 

For the corresponding statement for 5*5, one first consider a projection P = Pi^^,,,^i^ on 
the space of terms generated by ai^i^a2- --^i^an+ii 0.% € L^(Mo) r(ai) = if z 7^ 1, n + 1, an 
orthonormal basis of the Brownian motion space starting with = 1, ij > {]. Then we show 
D{A) stable by P with a commutation in the spirit of corollary [T71 The conclusion follows 
easily. □ 

2.1.4. Summary of results under assumption 0. We summarize the easy results obtained at 
this stage : 

Lemma 19. With those assumptions 0', 5 and A satisfy the stability of filtration properties 
and Tq{(jJ = 0) and also b'), c')(i.e. assumptions a),b),b'), c),c') and d) ofTi^oo = 0,C)). 
■ 

2.1.5. Applications of almost coassociativity to almost commutation with A. Before dis- 
cussing coassociativity, let us discuss a few notations. 

Let us define 

Bl^iMs) = {x e M, n D{5) I 5{x) e (M,®M,)^}, 

where we see the von Neumann tensor products continuously embedded in L'^{Ms) ® 
L\M,). 

Let us also fix some similar notations, let us write 5\^'^ = l®0-i) ® 5i® 1®("-J) : 
L^(M)®" — L^(M)®("+^^ and the variants before closure with value in algebraic tensor 
products of spaces [p given by Op), and the analogue U — > variant ^p'""-'^''^'* us- 
ing lemma [15] (maybe with an Oi if an opposite algebra is used, i giving the position, e.g. 
^02(i,i);r,s . irf^^^^^ _^ L^(M®M°P®M),(5f^^^'^^''''' : U{M®M) U {M ® M ® M^^)) . 

We now introduce a notion of almost coassociativity to motivate the next definition. 

In the spirit of a notation we will often use and introduce more generally later, for U G 
L2(M o ikfP), C eM®M® M°P we write eL'^{M®M® M°p) the extension in the 

usual way given in the case U = a®hC = d®e®f hy Ujj^C = ad®e®hf (multiplication 
in M°P of h and / corresponding thus to the expected fh in M). Said otherwise since for 
C = 1 the meaning of the isometric .#1 is clear, U^C = (f/#l)C with the action of 
M ® M M°P on its space. We may also use the same notation for U E L?'{M ® M) so 
that 1 ® 0{U)#C =10 1® 0{Ui^C). 

Definition 20. Consider d = (9i,...,9Ar) and d = (^at+i, 9a/) satisfying assumption 0'. 
We say d is almost coassociative with respect to d with defect C = {C^j, C^j), {j = 1...N, 
i,k = N + 1...M C e {Mo0Mo^M°Pf^^^) if for any x E D{d) n D{d) such that for all 
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i = 1...N d^{x) e D0 ® 1) n D(l (g) (9) and for all i = 1...M ^^{x) G D(dWl) n D(rWd) 
then the following relations hold : 



M 

(^¥l) o - (1 ® d,) o d,ix) = =: <9(x)#C,-,, 

fe=i 

M 

{d, ® 1) o d,{x) - {TWd',) o d,{x) = ^ =: 

k=l 



If d = d, we say it is almost coassociative. 

Note that if we think of the left hand sides above as coassociators in analogy with com- 
mutators, almost coassociativity (for a single d) is an analog of being a Lie algebra, the 
coassociator stays a linear combination with coefficient M ® M ® M°p. For our purposes, 
supplementary regularity properties of C will be crucial. 

In order to explain this regularity properties of C, we want to show how almost coasso- 
ciativity enables us to make almost commute 5 and 5*5, or more generally 5 and 5^^'^*5^'^\ 
This will motivate the following ad-hoc definitions of Sobolev-like spaces, (almost) mini- 
mally chosen to enable our computations (at a first "algebraic" level). Since we don't have 
a unique choice in terms of L''-regularity and almost all consistent one bellow would work in 
our applications, we thus provide variants (and emphasize those we will use). These variants 
depend on constraints that will be justified later either for enabling computations or to see 
B^, are algebras, we thus give names to each set of useful constraints. 

Thus consider 5(2) (resp. 5) satisfying assumption 0^^ (resp. 0°^ , 0^'^, recall, this 
assumes p,7T(^i) > 2). We call 

Defp,^^2j(p) : p, 7r(2) > 2 and p e {l,p]. 

Algp,T(2)(p) • P'^(2) >2 and pE (l,7r] where l/vr = l/p+ l/7r(2). 
Consider p, p', k such that Defp^T^^^^{p),DefT,^^^^T,^^^ (p'), Defp^j,^^^ (k) holds so that 
^O;(2,0);7r(i),K^(jO;(i,i);T(i),ft ^^.^ defined by lemma \T5[ Then we can define : 

S^^^^,,,(M„ 5(1), 5(2)) = {x G M, n D(5(2)) n 1^(5(1)) I 5(2).(x) G /^(^^^f "') ®ai, Di5^^lf''')}, 
^(M„ 5, 5(2)) = {xe n D(5(2)) n D{5) I 5(2).(a;) G Z}(5^^'^(2)'0 ^aig D{5'''-(^^'P)}. 
,^(M„ 5, 5(1)) = {xeM,n D(5(i)) n D{5) I 5(i),(x) G Z}(5O;(2>0);-(i),-) p Z}(50;(i.i);-(i)A)}. 

We call n = (p, 9, vr(i), 7r(2)), i? = (p, p', k, k', o") for which we define the following set of 
conditions : 
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Def^(R) : g, 7r(i), 7r(2) > 2, p, k G (l,p],p',fi:' G (l,7r(i)] and 1/p' < mm(l - 1- 
l/p), p>'2; a e (l,min(p,7r(i))]. 

Alg^(R) : Def^{R), Algp^^^^^{p), Alg^^^^^^^^^{p'), Algp^^^^^in), Alg^^^^^pin'), 

l/7r(2) < 1/2 and 1/a > max(l/p+ l/7r(i), 1/p' + 1/p, 1/k, I/k'). 
CoAss^n)(P'P''£'i'^'^i) ■Def^{p,p',p,TTi,a),tUi G (l,7r(i)];^i > 2, ,1/(7 + l/7r(2) < 1 
and 1/to := max(l/7r(2) + 1/g, l/7r(2) + 1/p, 1/p) < 1 - 1/p', 
and 1/w' := max(l/7r(2) + l/^>i, 1/wi + l/7r(2), 1/p') < 1 — 1/p. 

Comp^(R, ^1, ^1, wx) : 0i>2, Alg^{R), W(^i) G (1, 7r(i)]; l/ti7(i) + l/7r(2) + 1/p < 1 
and 1/a := max(l/p + 1/p', 1/(7+ l/7r(2), 1/p + l/vr(2) + 1/qi, 2/7r(2) + l/^i) < 1, 
and 1/p := max(l/p' + l/7r(2), 2/7r(2) + l/f?i) < min(l — 1/g, 1 — 1/p). 

Remark 21. Note that Compn(-R5 ^i, "^i) ^ CoAss^^^^^^p, p' , Qi.a.Wi) since max(l/ro + 
1/p', l/w' + 1/p) < max(l/ro(i) + l/vr(2) + 1/p, l/cr, l/p + 1/?, l/p + 1/p) (the only added 
conditions are those on Wi). Let us give our two main examples IIoo = (oo, 2, oo, oo) (or a 
fortiori (oo, g, oo, oo) g > 2), i?oo,e = (2 + e, 2 + e, 1 + e/2, 1 + e/2, 1 + e/2) for any e > 
then we have Comp^^(i?oo,o 2, 2, 2) (with then l/a = 1/2 + 1/(2 + e), p = 2). If we 
want to comment, here we assume almost nothing on g = 2, but a lot on p, 7r|^^s. We 
can also assume less on them with a price to pay on g. Let U^^^ = (4 + e, 4, 4 + e, 4 + e), 
i?4,. = (2+e/2, 2+e/2, 4/3+e/3, 4/3+e/3, 4/3+e/3) then Compf^^'^ (i?4,e, 4+e+r/, 2+e/2+r/, 4) 
holds for any e > 0, ?7 > (with a = l + e/4 ,p = 4/3 + e/3). In our applications in section 
4, either the first case will work (free difference quotient) or both but with more or less work 
(q-gaussians). 

We now assume Def^{R) enabling to define S'^'^''"^ and 6'^^'^ via lemma [T51 Morever we 

can define in the same spirit (5 © 5(i))'^'^(2)'''®''' : ^ (L''(M ® M°p))^ © (L'''(M ® M))^ 
a simultaneous closure of 1 © Od © (9(i) if 9 © (domain by definition the intersection of 
domains) satisfy assumption 0' We write = 1 © o / with I : ^ L"^ the inclusion. 
(Here ©„ = ®aig is also algebraic tensor product) 

= {xe ^' ^(2)) n K^M^s, 5(1), 5(2)) n i?^;;,.(M„ 5, 5(i)) n i?J:,(M„ 5(i), 5) | 

5(2).(x) G D((5 © 5(i))0^'^(2)'^®^') ©, D((5 © 5(i))0^'^(2)'^®''') 

(<"^^"0 © i5(2).(x) G D(5[;f ^'°)^^-) ©, z^(5(/f ^'), 5(/3'^' © i5(2).(x) G Did^'^^'^y'^'n ®a 0(6-^^^ 

1 © (^5;"'^"05(2).(x) G /^(5(/f "') ©. 0(6'^^^^'''^''^, 1 ® 5a)T''^(2)^(^) ^ ^('^'^''"') ^(5^'^''°^^^' '^) 

5,(x) G L^{Ms) © I)(5^) n D(5^) © L^{Ms)} 

Thus we first sketch the proof of the following lemma (that will be conveniently used with 
lemma [T8|) : 

Lemma 22. Let us assume 5(2) (resp. 5(i), S) satisfy assumption 0'^^^^ (resp. 0^^^^, 

If we assume Algp^^^^^{p) (resp. Alg^^^^^^^^^{p'),Algp^^^^^{K)) then Bl^^^p{M,,5, 5(2)), (resp 

Bl ,{M,,5^,),6^2)), 52'«^,,(M„5,5(i)); are *-suhalgehras of M^. 
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If we assume Algf^{R) for U = {p,q,TT{i)iTT(2)), R= (p? p', ^5 ^^'5 o") with 6,6(^1^,6(^2) satisfying 
Opg,0"^ and 0^2 respectively, dQ)d(i) satisfying assumption 0' , then Bjij^{Ms,6,6(i),6(2)) is a 
*-subalgebra of Mg. 

Proof. Stability by adjoint comes from the realness of all our derivations and symmetry of the 
defining conditions of B^, B^. Of course, stability by product comes from derivation relations 
(coming from lemma [TSl for extensions thus using mainly also Holder inequality), e.g. for 

x,y e Blf^^ p{Ms,6,6(2)) (with for c G L''^{M),b e Lp{M°p) m(6 c) = 0{c)b e Lp{M°p) 
and its extension to algebraic tensor products): 

{6^''''^'''%l)6(2),ixy) = {6f''''''''%l^^^^^ 

Here lemma [T5] (or a variant for 5 (8)1 ) is used in the third case with notation r = 00 s = p 

and with r" = r' = 112 {6^''^''' coinciding with 5- on the latter domain) s" = s' = p and 

this is possible because the only non trivial relation to check is > 1/s + 1/r', which is 
exactly what is given in Algp^^^^^lp). 

Analogously for x,y E i?n r{Ms, 6, 6(1), 6(2)) we have (with various m) e.g. : 

(5f(^'^)^^''^®l)(55f ®l)5(2),(x|/) 

= (5f (1'^)^^'- i)(5V ^ 1)5(2)^. (a;)2/ + x{6^-'^''''>''''^ ® l)(5-f ® l)6(2)Ay) 
+ (1 ® m ® 1 ® 1)((1 ® 06k{x) ® ((5^f)f' ® l)6(2),{y))) 

+ (1 ® 1 ® m ® l)(^'^'''^'"'^^'"5(i),(x) ® 6(2)j{y)). 

As before what is key (for the third term) is to have 1/a > 1/p + 1/p'. We also use on 
the fourth term that coincide with ^^''^^'^^''^(i)''^ ^]^g domain of the latter since 

7r(i) > p', n > <y, the last product is in L*^, since a consequence of other assumptions give 
l/o" > l/vr(i) + l/vr(2). Finally, note that the condition + l/vr(2) < 1/2 is assumed to 
make the last condition in the definition of B^ involving 6, 6(2) multiplicative. 

□ 

Remark 23. Consider d almost coassociative with respect to d with defect C, and respectively 
satisfying assumption 0^' and 0° thus giving 6,6. Assume moreover Algp^^iPi), A^gr,p{P2),Pi, P2 ^ 

2 and B^f^p^p^{Mo,6,6) = B^'^^^{Mo,6,6) n B^fp^{Mo,6,6) is a core for d®d. Then, since 
both sides of almost coassociativity relations are derivations, they are checked by 6 and 6 on 
the algebra ^^^^"^^(Mo, 6, 6) * (D(^F\ < j < iV, < s < 00), which is a core for 5 © ^, by 
lemma [T8l A small duality argument (to move the second derivative in the right hand side 
of a scalar product in the spirit of the next lemma) thus shows 6 is also almost coassociative 
with respect to 6 with same defect C. 

We can now state the "algebraic" version of our almost commutation result coming from 
almost coassociativity. 

Proposition 24. Assume Comp\^{R, Qi,qi,Wi) forU = {p,q,n(i),n(2)), R = {p, p' , k, k' ,a) 
with 6, 6(1), 6 © 5(1), 6(2) satisfying Op,q^^'''^\0°^^^, 0' and 0^^ respectively, and \/i, 5(i)jl © 1 G 
D{6'^''^^''^^) . We also assume 6(1^,6(2) almost coassociative with respect to 6 with defects 
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C = = (/^f,,(2),^-(2),J e (Mo®Mo®M°^)2^' respectively. We also assume 

AlgpApi)^ ^J-9r,p{p2),Pup2 > 2 and B'^f^y^p^{Mo, 6, is a core for d © 

Let X G 5^^^(M,,5,(5(i),(5(2)) i/ien x G b(5f*)5(2)) an(i 5f*(5(2)(x) G Moreover, 
we have, for any U G fl M) (^aig fl M), i/ie relation : 

(1 ® 0)U) = (((1 ® 0)5(2),(x))#5f ® 1), (1 ® 0)(f/)) 

+ ((1 ® 5^) o 6,{x), (1 ® + ((5^ ® 1) o (5^ ® !)([/)) 

AT TV 

+ (E ^fc(^)#^M-(2))' (1 ® - 5^(1 ® [m o 1 ® r ® 1] (((1 ® 5^) o , U) 

k=l k=l 
N N 

- {J2 4(a;)#Z^,^(2)„ (5^ ® l)(f/)) + 5^([m o 1 ® r ® 1] ® 1 (((5^ ® l){S,{x))#2C;^,^,)) , t/) 

fc=i fc=i 

N / N \ 

- E([m o 1 ® r ® 1] ® 1 5,(x)#d5(,)_,))#2C|(i), , f/) 
fc=i \ 1=1 / 

N / N \ 

k=l \ 1=1 J 

We can see right now what we will need assuming (beyond almost coassociativity) and 
proving to go from there to Fi, /) : first we will have to assume properties of the defect to 
get the four last lines of the form {T-LS, U) and, for this, also prove or assume boundedness of 
maps of the form 1 (g) r5(j). Second, we will have to get the result above on a better domain 
and solve domain issues to get also e). This will be the main topics of the next subsection. 

We need several preliminaries before the proof. Before using almost coassociativity, we now 
want to see the way we will apply it on or B^. Here we will write J f{a®h®c) = c*®6*®a*, 
J{a ® & ® c) = a* (8> fc* ® c* and natural extensions to various tensor products. 

Lemma 25. Assume CoAss'^jj^^{p, p' , gi, a, zui) with 6,6(^1), satisfying Op^q'-^^'^^ ,0"^^ respec- 
tively, 9© 9(1) satisfying assumption 0'. We also assume 5(1) almost coassociative with respect 
to 6 with defect C = (^^(i), ^^^(i),^) e (Mo^Mo^Mo^)^^' . We write 6i = 5ii^lr^ : D{5) 
L'^{M®M) the derivation given by wi-regular reducibility. Recall O : M ^ the identity 
map, iff defined before B^ . 

Finally, for (1) and (3), we assume Algp^pi), Algr,p{p2) ,Pi, P2 > 2 and ^^'^^^"^^(Mo, 6, 5(1)) 



is a core for d (B 



(1) 



^1) Then, for any U G £'(((5©(5(i))°''^(2),pep') ^^^^ /)((^0^^^^)O;^(2),pep')^ ^^^^^ y^r any 
b,ce /^(5(i)), a, 6 G D{S) b seen in M^p : 



^Recall we defined and assumed l/tr := max(l/cr + l/7r(2), 1/p + l/7r(2) + 2/7r(2) + l/<;i) < 1, l/p :^ 
niax(l/p' + l/7r(2), 2/7r(2) + < min(l - 1/q, 1 - l/p) 
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r(m o (1 ® r ® 1){6*'^ ® 1 ® l)[a ® {{0^\b) ® c ® 1) J/(<5"/)''/ ® l(f/)))]) 
- r ® r((l ® m o (1 ® ® 0^^(6))#/-^*)#l ® 1 ® 1) J(5f ® l(f/))) ® c]) 

AT 

= ^(1 ® m(l®2 ® r ® 1)[((1 ® O ® 1) o (^5^ "(^)'''#c5(i))) ® l(f/)(l®2 ® c* ® 1)], (a ® 
fc=i 

(2) For any V G Z}(50;(i,i);p',<x) ^^^^ D(50:-(2),p)^ VT; ^ ® 1(1^) G 

for any b,ce a, 6 G D{5) b seen m M°p : 

r(m o (1 ® r ® ® 1 ® l)[a ® ((0^^(&) ®c® l)Jf{V))]) 

= ((1 ® (m o (1 ® r ® ® l{y)){l ®l®c*® 1)], a ® 6) 

r ® r((l ® m o (1 ® ® 0-^(6))#/7^*)#l ® 1 ® l)J{W)) ® c]) 

= ((1 ® (m o (1 ® r ® ® 1(W^))(1 ® 1 ® c* ® 1)], (a ® b)i^IJ^*) 

(3) For any U e L'((5©5(i))°''^(2)'^®''')®ai5F)((5©(5(i))°'^(2),pep') ^^^/i i/iaaj'/g'''®l(f/) G 

^(50;(i,i);p',.) ^^^^ D{5H-)'P) and ^^f ® g ^(^[Jf ''°)^'"^) 1^(5;;^"'), /or 
any c G M, tt;e have : 



(l®(m o (1 ® r ® l)))[{(5f " ® 1(5^/;;/ ® 

- (5[J;;f ® l(^<5f ® 1(?7)))}(1 ®l®c*®l)] 

N 

= ^ 1 ® m(l ® 1 ® r ® 1)[((1 ® O ® ® l)(f/)(l ® 1 ® c* ® 1)] 

/fc=i 

Proof. For (1), first note that terms involving 5*'^, and . are defined and in resp. L^' 
via lemma [16] (ro, w' defined in CoAss^). Second, without loss of generality U = d®e. Then 
since the terms m = d,e involved are continuous in or L^, we can assume 

(i, e G D{S) n and even by the core property (since terms in 5(i)(m), 5(m), m = d,e 

involved are continuous in once u G M, this is nothing but what we already noticed with 
the conditions on w,w' changed to 7r(2) = oo are satisfied if p,p' also become 2), satisfying 
the conditions for almost coassociativity. Then the computation reduces to it via formulas in 
the spirit of (2) we now detail. As in (1), for (2) (using here l/o" + l/7r(2) < 1), we are reduced 
to the case V = d®e®f,d,fe D{6) e G M (likewise for = ® e ® /, e, / G £'(5(i)) 
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d G M), the formula then becomes : 

r(m o (1 ® r ® l){6f ® 1 ® l)[a ® {{0-\b) ® c ® 1) J/(rf ® e ® /))]) 
= r((5;(a ® 0-^(6)r)rf*)r(ce*) = ((1 ® 0)5i(rf) ® e, a ® 0(r)6 ® c) 
= ((1 ® (m o (1 ® r ® l)))[(5f ® l(d ® e ® /))(! ® 1 ® c* ® 1)], a ® 6) 

r ® r((l ® m o (1 ® ® 1 ® 0^^{h))J{d e O /)) O c]) 

= r(arf*)r(e*5^i)^^.(0-^(6)r ® c)) = (rf ® (O ® l)5(i),,(e), a ® 0{r)h ® c) 
= ((1 ® (m o (1 ® r ® ®l{d®e® f)){l®l®c* ®l)la® h) 

(3) only gathers (1) and (2), extend values of c by density, and multiply the result by Jj. □ 

The much easier next lemma was essentially used in rmk [23] (since p > 2 this is a direct 
application of the definition), we state it for reference : 

Lemma 26. Consider 5,5(2), satisfying O^'jOttj respectively. We also assume 5(2) almost 
coassociative with respect to 6 with defect D = [D^-^^yD^-^^-^^ G (Mo®Mo®Mq^)^^'\ 

Then consider p G [2,p], then for any x G B^'^^ ^(Mo, 5, 5(2)) such that 5j(x) G L^(Ms) ® 
D(5^)) n D(J^)) ® L\Ms), then 

M 



® 1) o 5(2),(x) - (1 ® 5(2),) o 6,{x) = ^5fc(x)#A^^.(2), 

A:=l 
M 

(5^ ® 1) o 5.(x) - (1 ® ^5f ^^^^"0 o 5(2), (x) = J] 5fc(a;)#Dj(2),. 



We will need an obvious analog of lemma [T6] for (5(i) ® 1)*^ on L'^{M ® M ® M°^)(and its 
symmetric (1 (g) (1 ® 0)5(i))*^, both defined as in section 2.1.2). 

Lemma 27. Consider 6 satisfying 0"^ and r,r' G [2, oo], s,s' G (l,7ri] mt/i 1/s" := 
max(l/s + 1/r', + 1/r, 1/r + 1/r' + l/gi) < 1. Consider (1 (g) ff)U G £'(5['ip (g)a«g 

^(503;(l,l);2y^^ 

Then U G D((5(i) ® 1)*^) and (5(i)i ® l)*i(f/) = f/#i5^i).l ®l-[mol®r®l]® l(5(i) ® 
l®l + l®5f;f •^)^''^V)GL^". ■ 

Proof of Proposition [231 The reader should maybe assume C,D = (exact coassociativity) 
in the computations bellow in first reading. 

We assume throughout x G -Bnjj(Afs, 5, 5(i), 5(2)). Since x G i?^^^^^p/(Ms, 5(i), 5(2)), lemma 
[16] with r = 7r(2), s = p' gives x G i^(5^Y)^(2))5 with 5^^* 5(2)(x) G and : 

Sti)A^)A^) = 5(2)(x)#5(\),.(l ®l)-m{l®T® l){6ll^f' ®1 + 1® 5;;<g'''')(5(2),(x))). 
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Now, from our assumption, we see we can apply lemma [15] to each term above to get : 



5f ^'•'(4r)/(2).(^)) = ((1 ® o)5(2),(.x))#5f ® i)+ 

- [m O 1 ® r ® 1] ® 1 (l ® 5f '(2,0);p',<x ^ ^^jr,,)y ^ ^ ^ ^ ^ 5j;<g'''')(5(2),(x))) 

- 1 ® [m o 1 ® r ® 1] '(I'l)''''-'^ ® 1 o ® 1 + 1 ® ^^/g'^K^cabla;))) 



Here for U G L''(M ® M°p) ^aig L'^^^'>{M),V G L(^^-{M) we wrote f/#iy the map induced 
from the case U = A®h U^iV = (1 (g) {0{Vb))).A, and the symmetric case for 7^2 ("^ is 
used once for multiplication induced by the one in M, and once for the one induced from 
a e M"P, beM m{a ®b) = 0{b)a). 

Now we want to use coassociativity. First note that what is assumed on 5{2)j{x) is exactly 
what is needed to apply lemma 1251 (3) (c = 1, using also remark [2T] to get the assumption). 
Thus, we have the two following identities : 



1 ® [m o 1 ® r ® 1] (^5f '(I'l)'''' - ® 1 o {5l^/ ® 1)((5(2), (x))) 
= 1 ® [m o 1 ® r ® 1] ((5^,;f ® ® l(5(2),(x))))) 

+ 1 ® 0[m o 1 ® r ® 1] [fyimT'"''' ® l)(5(2),(^))#iCj,(i))^ 

[m o 1 ® r ® 1] ® 1 (1 ® 5f '(2,o);p',. ^ ^ 5ST''')(^(2b(^))) 

= [m o 1 ® r ® 1] ® 1 ((1 ® <5jJ5J/''^''''^(l ® ^(5f '"^^"'(<5(2),(x))))) 

- [m o 1 ® r ® 1] ® O ( ® ^5?^'^"0('5(2),(x))#2Cj(i),J ) 
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Using also a much easier commutation of the form (A ® 1 ® 1)(1 ® -B) = (1 1 (8> -B)(A ® 1) 
(and agreement of various closures on common domain) we finally got : 

5?^^'^"" ® W(2),(a:)#25(\*),(l ® 1) + 1 ® 5f ^^'^^'%2).(x)#i5;r),(l ® 1) 

- [m o 1 ® r ® 1] ® 1 ((^J)^;/ 10 1 + 1® '')''''^^)(1 5f '"<'^''(5(2),(x)))) 

AT 

+ J][m o 1 ® r ® 1] ® O (((1 ® "'^"'')(^(2),(x))#2Cj(i),)) 
fc=i 

1 ® [m o 1 ® r ® 1] ^^^'■'^^ ® 1 + 1 ® 1 ® ^^/g^K^f"^^^'" ® l(5(2)i(x))) 

AT 

5^ 1 ® 0[m o 1 ® r ® 1] (((^^^^'^"'' ® l)(5(2),(a:))#iC5(i) 



fc=i 

= (1 ® (1 ® 0)5(i),)^*(5f ® 15(2),(X)) + (5(1), ® 1)^*(1 ® 5f "'^"%2),(x)) 

+ ((1 ® 0)5(2),(a;))#5f ^^-^^5(\*)^.(1 ® 1) + A 

In the last equation we summarized by A lines involving sums over k before and we used 
lemma [271 with r = 71(2), r' = p > 2, s = p' , s' = a , with of course s" < a. 

We can thus take a scalar product with y ^ z, y, z & D{6(^i^) fl M and use twice almost 
coassociativity in the form of lemma |26] : 



N 



(5f ^'^'^(5(\*)/(2),(x)), y ® 0(^)) = ((1 ® 5(2),) O 5,(X) + ^ 4(X)#A- ,(2)), y ® 

fc=l 

AT 

+ ((5^® 1) o5,(x) - 5^5fc(x)#D|(2),,5^(y) ® ^) + (5(2)i(x)#5f^^^'^^5(\*),(l ® 1),!/® ^) 

fc=i 

+ ^([m o 1 ® r ® 1] ® 1 ((5^ ® l)(5,(x) - 5^ 5,(x)#D5(2)^,)#2C^(i),,) Uy^z) 

k=l \ 1=1 J 

N / N \ 

- ^(1 ® [m o 1 ® r ® 1] ((1 ® 5^) o 6k{x) + ^ (5,(x)#Di_^.(2))#iC5(i) , y ® 
k=i \ 1=1 / 

□ 

2.2. Sufficient conditions for the main Assumption. 



2.2.1. Statement of result and first reductions. Let us sum up right now the assumptions we 
will need and our result. The first assumption will be stated in the case 6 = 6. The second 
will be partially more general (but we assume a strong core property for A) . 
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Assumption 1 ; (a) d is almost coassociative with defect C = {Cf^C^j) Cf = Cfj 
Furthermore we assume Ci^C^ j G Blj^{Mo)i^aigBlj^{Mo)(^aigBlj^{Mo). : (a') d satisfy 
assumption Op^oo Moreover, we suppose that (h)for Tip = {p,oo,p,p) and some R, 

Compu^{R, g, ^, oo) holds with p>2, 0*1^1 E Did^'"-) and d^'^'^d*! ® 1 G Mo^M°p , 
(c) B:= BI^ j^{Mq, 6, 6, 6) IS a core for d : L\Mo) -> {L\Mo) ® L'^{Mo))^. 
Assumption 2 ; (a)We write d = {di, ...,8^) (sometimes written d(^oo)),d = 
{dN+i, ■■■,d2N) and a sequence for Q G Mn [Qo, oo),9(q) = (9(q)i, (9(Q)Ar). We have 
D{d) = D{d) = D{d(^Q)) = 3l and d (resp Bi^q)) is almost coassociative with respect to 
d with defect C = C(-) = {Cl^.Cl,),<M,,k>N (resp C^^) = {C\f\c'§^'')j<N,,k>N e 
(Mo ®aig Mo ®aig M^^f^^ ) . Furthermore we assume WCf^ - |Mo®Mo®M°f-^ and 

1 ® 1 ® (r ® 1 o di)&ff\ l®{l®rodi)® l{C\f'), C\f' G (Mo®M°^) M^) 
and converge m (Mo®M°^)®M°^) (Q ^ oo) to ^j/^ X3''' (1 ® ^ ° ^0 ® 

1 ® ® (r ® 1 o 90 ® G Mo ®aig (Mo®M°^) converge m 

Mo®(Mo®M°^) to Jf^ff, Jf^ff, fjf'^,aU this stated for any i,k> Nj, I <N. We 
also assume 1 ® t o di i < N bounded as a map L^(Mo) — )■ L^(Mo). 

Moreover, we suppose that (b) for H^^^ = {p,q, 71,11), n > p and some R, 
Compni^{R, holds with p>2, for j <Nd*l®le D{d'^'^''), d^''^''d*l ® 1 G 

Mo®Mq^, and d (resp. d^'^^) satisfy assumption 0" (resp 0'^) and d O'p^ with more- 
over the derivation to which d is reducible is also d (with coefficients (kj,ij,Kj, Ii) sat- 
isfying (1 ® 0)Kj G /)(5(l-l);2,2-(2)/(-(2)-2)^) p ^^^(2,0);2,2^(2)/(^(2,-2)) ^ D(5 ® 1 © 1 ® 5) 

and 1 (g)Tj{I~'^),(6] (g) e M®M®M°p. Likewise, d^^^ is equivalent to d and 

the value such that dj^\x) = dk^{x)^K'^ (note we ask for the same kj as above) 

satisfies \\Kf - K,||m®M°- ->Q-.oo 0,| |5'^'2'2-/(--2)(i ^ ^^(j^Q _ Kj)\\2^/(^^_2) -^q^oo 

0,a = (l,l)or(2,0). (b') 8*1 1 e L\Mo) 

(c) We also assume Algp r{pi), Algr^p{p2) ,Pii P2 ^ 2. Moreover B := D{6 ® 1 (B 1 S o 
6)nnQe[Q„oo)B^.^j^iMo^lS,5^'^'^) andfor every Q E [Qo,oo), B^pf.^^^jMo, 5^'^\~5) are 

cores for d Q) d 

and even (c') B is a core for d*d 

Note with respect to assumption 2 (c'), B will be seen in the domain of d*d in lemma 
inn as a consequence of other points in assumption 2. Let us emphasize we will also write B 
instead of * (D(^F\ < j < iV, < s < cx)) since by lemma [TH] it satisfies the same core 
properties for the extensions. 

Theorem 28. Under assumption 1, 6 and A satisfy the stability of filtration properties and 
assumption Ti{u = 0,C) for some finite constant C in the context 5 = 6(see corollary \32\} . 
Under assumption 2, 6,6 and A satisfy the stability of filtration properties and assumption 
Ti{uj = 0, C) for some finite constant C (see corollary [32] and lemma Hd]) . 

The proof will be divided into a bunch of lemmas and is the object of the whole end of 
this section. In case 6 = 6, (d)', (g) and (h) are obvious (using also corollary [T7] for {d')). We 
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thus first check they are easy under assumption 2 (using a supplementary assumption first 
for (h) we will deduce from our proof of (e), (/) i.e. in lemma ED (v)). 

Using lemma Uni it will only remains to check (e) and (/). We will then start by the proof 
of the stated boundedness in case of assumption 1 in the next subsection. As explained after 
lemma [211 we will finally solve domain issues in the last subsection. 

Lemma 29. Under Assumption 2, {d'),{g) of ri{u = 0,C) are satisfied for some C. (h) 
is also satisfied if we also assume for any x G D{A = 6*6) 6{x) G D{6 (g> 1 © 1 ® 5) and 
||(5®l©lCB)(5o (5(x)||2 < c| |x| I2 + c'l I A(a;) 1 12. Moreover 1 ® r o 6k, k < N are also bounded. 

Proof. First note that using remark [23l 6 is also almost coassociative with respect to 6 with 
same defect C. Note that assumption g is automatically deduced from the existence of Kj. 
d' is also clear with 6^^ the closure of 1 ® 5;, and 6^'^ the closure of 5; ® 1 (use again corollary 

[IB- 
Note also that the boundedness 1 © r o 5^ for the extension 6k of dk is obvious since 

by freeness 1 © r(5fc)(ai6i...a„) = aibi...l © T(9fc(a„)) for r(aj) = r(6j) = 0, G Mq, 
h e W*{{sf\,). 

Let us emphasize those facts also automatically implies h). First compute for x G i3 using 
we can use almost coassociativity on this space (lemma [26] for 6^^^ and then taking a limit 
using TT > 2 and limits for K^f^) : 

N 

11^^5(^)112 = E ® + 111 ® ^A-(^)ll2 

N N N 

j,i=l k=l k=l 

N N N N 

= E iir®^^.(^)ii2 + 11^^.(^)112 + E iiE^~'^(^)#^^^^^ii2 + iiE^~^(^)#^t//^ii' 

J,i=l j,«=l k=l k=l 

N 

+ E 2^{T®TMx),h{x)i^C^+^,)-2^{6;®lUx),U^^ 

j,i,k=l 

And the terms of the last line can be bounded under assumption 2, after rewriting for 

U eM ®al9 M,^Vc(^Ce M ®alg D{6) ®alg M: 

\{Y,UHVc®c),l®6,Ux))\ 

= I E(^#(i ® 1 ® c), 1 ® 6,{Uxmv:)) - 5i(x)#((i © 6,){v:)))\ 

= I E(f^#(l ® c), 1 ® (r © 16,){Uxmv:)) - Uxmi ® (r © l)6,)V:))\ 

<l|f/||2||4(x)||2X 

X (\\{t® 16 j) \\\\^Vc®c\\ (^Mo^M°n^Mo + W^i'^ ^ i'^ ^ ^^j))iyc) ^ C\\ (Mo®M7)®Mo) • 

In the third line we can take a limit to get Vc G M^M since 6i{x) G L^{M®M) {p > 2) 
and (r (g> 16 j) bounded on L^, and then take any Vc such that we also have 1 ® (1 ® T)6j (Vc) G 
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M^M°P, and get this for any U G L^{M^M). Thus we can apply the inequahty of the last 
line in case U = 6k{x) in our previous computation. 

We thus deduced the bound for any x G B'^g ^(M, 6, 6, 6): 



N 

N / N 

+ 11^(2^)112 ( \ \^j+N,i\\M®M®Mop) + \ \^i,t+N\\M®M®M'^p) j + 2||5(a:)||2 ^ 

j,i=l \ k=l k=l J 

■ N 

!,fc = l 
' AT 



N / N N \ N 



i,j+N MMo(g)(Mo(g)Mo^) "T My=^ij+Ar,j MMo(g)(Mo(g)M°P) 



Since iJj^j, ^) is a core for A, using the supplementary assumption, we get that for 

any x G D{A) 6{x) G -0(5®) and the inequality above. □ 



2.2.2. Boundedness for (1 ® r) o under assumption 1. Our next lemma extends lemma 10 
in [TT] to the almost coassociative case. 

Lemma 30. Assume Assumption 1. Let Z G MPiD{5), then the following inequality holds : 



\\{1®T){UZ))\\2<\\Z\\2 ^(^2||5;(l®l)|| + ||^||l®r®l(C'f)|U,g^.^(^,) 

+ [mil ® l)W + ® 1)IImWo. + ^ 111 ® r ® l{C^)\\M^Bl,iM) 

\ k 

As a consequence, (1 ® r) o 5i extends as a hounded map L'^{M,t) — L'^{M,t). (We will 
write D the quantity in huge bracket above.) 

Proof. The only non-trivial statement is the first one. The proof follows the one of lemma 
10 in [11] , with the coassociativity assumption weakened. Moreover, by the core property, 
we can assume first Z G -Bn _r(Md, 5, 5, (5).We first use the formula for 6*, Corollary 4.3 in 
|53] recalled in lemma [121 and weakened coassociativity (given by lemma [26]) in the third 
line. Bellow . is the multiplication induced from M ® M (since this is under a trace on the 
second tensor, M or M"^ doesn't matter) 
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11(1 ® t){E,{Z))\\1 = ((1 ® r){6,{Z)) ® IMZ)) 
= ((1 ® r)((5,(Z))5*(l ® 1), Z) - ((1 ® r)5,(l ® r)((5,(Z)), Z) 

= ((1 ® r)(5,(Z)6)5;(l ® 1), Z) - ^((1 ® r)(4(^).(l ® r ® )#(1 ® 1))), Z) 

k 

- {{l®T®T){l®E,oEi{Z)),Z) 

We can use an adjointness relation on the first term, and on the third, and apply after that 
the definition of 5* on this third term. In the second line, we apply the derivation property 
on the third term and second term and write = 1 ® t ® l(Cf ), flip{a ® 6) = h® a. 

(12) 

m®rmz))\\i 

= ((1 ® t){E{Z)), Z5l{l ® IT) - J]((l ® r)(4(^).5fc)), Z) 

k 

-{{5,{Z),Z®51{1®1)) 

= ((1 ® t){5,{Z)), Z5l{l ® 1)*) - {{UZ*Z) - 5.,{Z*)Z, 1 ® 5*{l ® 1)) 

- 5^((m o{l®T® 1)(4 ® l{ZfUp{Bk)), Z) + Y,{Zm o (((1 ® r)4) ® l)(//ip(5fc))), Z) 

k k 

Let us note moreover that in the first equality above we can use proposition 6 in [IT] recalled 
earlier at the end of lemma [12] and compute from now on with Z G M r\ D{5). 

But for h e Bl^{M) we also know ||(1 ® T)6i{Zb)\\2 < \\b\\M\\Si{Z)\\2 + ||Z||2||<5i(6)||M®M 



so that i2(Z) := supi^whw^^ <i\\{l ® T)6i{Zb)\\2 < \\6{Z)\\2 + \ \Z\\2 < oo. But now, using 

that Bljy{M) is a Banach algebra (this is obvious from := ||x|| + ||(5(x)||(^0^)iv), 

we get \\{l®b)Bk\\M^Bl^(M) < l|l ® ^ ® l(C'f)llM§i?i^(Af)ll^lli?i^(M)- 

Applying our equation (fT2|) above to Zb, we get (using 6*{1 ® 6*{1 ® 1)) G M from our 
assumptions and lemma [12] again) : 

\\{l®rMZb)\\l<\\Zb\\lm{l®6*{l®m 

k 

+ RiZ)\\b\\si^^M) [\\Zb6*il ® ir\\2 + Mil ® l){Zbr\\2 + llZfelbJ^ 111 ® r ® l(Cf)|Ug^i^ 

V k 

so that we get the concluding equation : 

RiZf < R{Z)\\Z\\2 (mil ® 1)11 + II J] 111 ® r ® l{Cf)\\M§Bi,iM) 



\Z\\l \\6:{1 ® 6*{1 ® 1))|| + ^ 111 ® r ® l(Cf) 



□ 
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2.2.3. Almost commutation of 6 and A on an extended domain. We are now ready to solve 
our main domain issues (to get (e) and (f)) in the next : 

Lemma 31. (i) Assume assumption 2 (a),(b),(b'),(c) then for any x ^ B we have x G 
D{Aj) and6*6f\x)-Aj{x) weakly in L'^ . Moreover For any x e BnD{A^/'^Aj), 
then 5i{x) G -D(Aj (g) 1 + 1 (g) A^) and : 

2N 

5,A,(x) = (l®A,+A,®l)5,(x)+ ^ 

k=N+l 

2N / 2N 

+ 5^ [m o 1 ® r ® 1] ® 1 2(5^® + (5~ (x)#C;;. 

k=N+l \ l=N+l 

2N / 2N 

k=N+l \ l=N+l 

(ii) Assume assumption 1. If x G D{5) (resp. x G D{A)) then so is 1 ® r((5j(x)). 

(iii) Assume assumption 1 (in which case 5 = 5) or assumption 2. Then /^(A'^/^) C 
D(A®l + l®Ao5) and moreover we have for any x G D^A?/"^) the equation of (i) 
after summation over j. 

(iv) Assume the assumptions of proposition [24]. with 5", p > 2. Assume also there exists 
5(3) satisfying assumption^' with 6^^^6^2) = '^('3)^(3); arid 6(^3^,6, 5(1) and 5(2) equivalent. 
Also assume is a core for (5(5("^^5(2) and -D|(2) i ^ ® ^)-'^^j{2) ^ -^(^ ® 
5(*i),-).5['''"''<^(i)l ® l,'5(i),- ® l^J(2),^'l ® ^{i)iA-i(2) e M®M°f , i/ien /or any x G 
£)(55(j^)5(2)), 5i(a;) G D{5*-^-^5(2) + 5*i)5(2)) o'^f^ ^/^e relation in (i) holds mutatis 
mutandis. Moreover, for any x G D{55*f^-^5(2)) , 

11(5(3) ® 1 © 1 ® 5(3))(5(X))||2 < Ci|(55*3)5(3)(x),5(x))| ^ 

Finally, this last inequality for 5 (i) = 5,5 instead of 5 is valid under the assumption 
of (iii). 

(v) Consider the assumptions of (iii) or (iv) (gathered with the notation of (iv)). Write 

= = »+i^^*3^g(3"+5*3^5(3)^i - Then there exists a map if,,, with \\H,,^{x)\\2 < 

C4min(a||x||2, \/a||5(x)||2) such that for any Z e D{5) r]^5i{Z)-5ifja{Z) = ^fj^Hi^aiZ). 
Moreover, sup„>i 1(5^5^3)5(3) (r7„(Z)), 5i(f/„(Z))) | < Ci\\Z\\l Finally, D{A) C £'((5(3)® 

1 © 1 ® 5(3))5), and for any x G D{A), ||(5(3) © 1 © 1 ® 5(3))(5(x))||2 < C4(||x||2 + 
l|A(x)||2). 

Note that (i) and the beginning of (iv) are stated in order to be used later in section 4 to 
check (c') in assumption 2. 

Proof. (i) First, note assumption 2 (a),(b),(b'),(c) is weaker than either assumption 1 or 

2 (for 1, taking 5^^) = 5). 

Let us start by applying proposition [2l to U = V^K* for V G (-0(5) fl M) ®aig 
(D(5) n M), X G B (note that it implies x G D{5*5^^^) since p > 2). We apply it 
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with i = kj given by reducibility of 5 to 5 {Kj comes also from there, and recall 
{y)ij^Kj = Sj{y), the proposition can be applied since we assume (1 ® 0)Kj G 

^',^^(l,l);2,27r(2)/(7r(2,-2)) p^(^^(2,0);2,2^(2)/(7r(2)-2)) ^ D{5 ^ 1 ® 1 ^ 6) , Kj E M M°P SO 

that, using the last statement in lemma [T2] applied to(5(S)l©lCB)5as seen as a 
derivation on M ^ M°^, with its range given the corresponding bimodule structure, 
we can extend the values of U in the proposition to this U). Thus we got : 



m5f\x)), S*{V)) = (((1 ® 0)5f ® 1), (1 ® 0){Vi^K*)) 

N 



+ ((1 ® <5f ) O ~5,^{X) +Y.~^k{x)i^d^l\^, ^^(^(2,0);2,2.(V(-(.)-2))(i^*) + (1 ^ 5,){V)i^,K*) 



k=l 

N 



+ {{6f^ ® 1) o 6k^{x) - J2 U^)*cf^'. y#(5(i.i);2,2-(2)/(-(.)"2)^^*) ^ ^ l)(V^)#2i^;) 



fc=l 



TV 



N 



- ^(1 ® [m o 1 ® r ® 1] ((1 ® 5f o + ) , Vj^K*) 

k=l \ 1=1 
N / AT 

+ ^([m o 1 ® r ® 1] ® 1 ((^f ) ® l)(4(x))#2Cj;,^.+;v) - (E ^K^)#C'lf ))#2C^.,+Tv I , Vi^K*) 



k=l 



1=1 



Since p' > 2 (as implied by Comp^ and p > 2) we can extend this to y G D{5'^^'^)''^')®aig 
_D((5'^(2),p'^ and thus apply it to \^ = In the right hand side, the limit Q — )■ oo 

is possible so that ||5*(5j*^^(a;)||2 is uniformly bounded and thus we get our first state- 
ment (using a boundedness of other lines detailed in the next corollary) . 

In case of assumption 1, what we will say bellow is also valid for U G (M fl 
D(A)) ®aig {M n D{A)), otherwise assume U E B ®aig B. Now we apply again 
proposition [2l] but this time to f/.Note that U G 5* by lemma [12] with 6*U = 
(5*^'^''^)*(1 ® 0)U (where the equality is by the very definition of S'^'^''^). Moreover, 
using the same lemma (the variant with (Q) and a limit first)and our assumptions on 
Cfor j<N,i,k> N, 4(x)#C^, G D{1 ® S*) and 1 ® 5*(4(a;)#C5) = 4(a;)#((l ® 
6*){Cij)) — l^[mol^T^l\{1^6jo6k{x)^iCij). Using also an analogous symmetric 
case, we finally get the limit version of our previous equation with 1 ® 1 instead of 
K,. 
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(13) 

2N 

{A,{x),~S:U) = ((4(x)#((l®5;)Ct;v,,-(^;®l)C^.+7v),t^) 

k=N+l 

+2([m o 1 (g) r ® 1] ® 1{(6] ® l)4(x)#2Cj;i+^) - 1 ® [m o 1 ® r ® 1]((1 ® ^)4(x)#iCf+^,^-), f^)) 
+ (1 ® A, + A, ® + ((1 ® 0)(5,-(x))#5f ® 1), (1 ® 0)(f/)) 

2iV / 2Af \ 

- J] ([mol®r®l]®l 5^ ,f/) 

fc=Af+l \J=Ar+l / 

2N / 2N \ 

- ^ (l®[mol®r®l] 5^ 6lix)#Cl^)i^^C^^^^ ,U) 

k=N+l \l=N+l ) 

Moreover, if we also assume x E D(A^^'^Aj), replacing the left hand side by (5jAj (x), U), 
with any U e (M n D(A)) (g)aig (M n D(A)), a core for A 1 + 1 (g) A, we get the 
first statement. 

(ii) Here we are under assumption 1. Let x E D{6) and take x„, G B converging to x in 
D{6) since this is a core. We can compute (using lemma [261 again) : 

5,{l ® r)((5i(x„)) = 5i=j{l ® 1 ® r)(5,(x„)#C0 + (1 ® [(1 ® r)(5,)])(5,(x„)). 

By the boundedness result of lemma [301 the right hand side converges and gives the 
result since 6 is closed. 

For the second statement, consider equation (fT3l) with U = V ® 1,V E B, Xn 
above (with x e D{S)) and {Aj{xn), S*U) replaced by {Sj{xn), Sf'^S*V(S)l). Note that 
6f'S*V ® 1 = Sj{V)S*l ® 1 + VSfS*l ® 1 - 5^1 ® t6,{V) e ^^(M ® M). Note also 
that (1 (g) r5j(x„). Ay) = (5(1 (g) r5j(x„)), 5(1^)) converges to the analog with x by 
what we just proved. Since the two first and two last lines in (fT3|) are bounded with 
respect to ||5(x)||2 (cf. corollary [32] for an explicit bound), we can get the equation 
at the limit x„ — >■ x. 

We thus got : 

((l®r5i)A(x),V^) = (5{l®T5^{x)),5iV)) + {2), 

where (2) comes from the sum over j of remaining terms in fll3p . Now we can extend 
this from V E B to V E D{6) and thus we obtain our result by definition of A. 

(iii) First consider the case of assumption 2. If we apply to equation f[T^ the core property 
in (c), we get first the e D{A), e.g. X e D(A3/2). Then moving 6* by duality, 
we can get U G {D{A) n M) ®aig {D{A) fl M) instead of U e B ®aig B and then 
f/G-D(A®l + l(x)A). This concludes to the statement in this case. 

Now consider the case of assumption 1. Consider again this time the variant of 
equation ([13]) with f/ G {M n D{A)) ®aig (M fl D(A)), and x G B^{M). Everything 
reduces to U = a®h. Using lemma [12] we have 6*{U) = a5*{l 1)6 — (1 ® T)Si{a)b — 
a(r ® l)Si{b). But now, a,b G M n D{A),{1 ® r)5i(a), (r ® l]5i(6) G Z^(A) by 
(ii) thus lemma [14] proves —(1 ® r)5j(a)6 — a(r ® l)6i{b) G -D(Ai). Then, let us 



48 



Y. DABROWSKI 



write, fOT_any U e {M n D{A)) ®aig (M n /^(A)), 5*{U) = ^ I) - V with 

V G -D(A^) we can now rewrite our equation (using Si is a derivation on M fl D{6i) 
to see ?7#(5*(1 ® 1) G ^(^i): 

<5,(f/#(5*(l ® 1))) = {x,A]{V)) + {S,{x), [1 ® A, + A, ® l](f/)) + (2) 

Now, once again, since is a core for 5i, we get this for any x G -D(A'^/^)nM C D{Ei). 
Using the remark before lemma (Mf we can rewrite (x, A\{V)) = (Aj(x), V), and thus 
(only coming back to our original notations): 

((5,Aj(x), U) = {6i{x), [1 ® A,- + Aj ® 1]{U)) + (2) 

Finally, (using stability by (f)t<^4>t) it is easily seen that {Mr\D{A)) ®aig (MnD(A)) 
is a core for A (8> 1 + 1 ® A, and thus we can take U in the domain of that operator 
(since the right scalar product factor in (2) is bounded in f/ G L^(M®M) as in (ii)), 
and finally, since this operator is closed, we get our result. 

(iv) Applying proposition [2^ with a slight extension in U as in (i), we can get it for U = 
6{x) (note under our assumptions, especially a > 2, G D((5(5^3^(5(3))). From the 
resulting equation, we thus readily obtains the inequality (using the core property to 
extend it). Considering back the case of a general U in proposition fM\ our inequality 
and the core property imply the fact that we can take the limit to get any x G 
D (55^3-) 5(3)) and this concludes as in (i). In the case of the assumption of (iii), we can 
start directly from the equation in (i) and take a scalar product with 6{x) to get the 
inequality as before. 

(v) We write A = 5(3)5(3)- Since for any Z G D{6), fjaiZ) G -D(A^/^), we can apply (iii) 

or (iv) to get the equation in (i) in the form SiAfjaiZ) = (A (g) 1 + 1 ® A)6i'fja{Z) + 
H,{fj^{Z)) with ||i7,(r7„(Z))||2 <c;|(5A(r7„(Z)),5(f/,(Z)))| + 4||<5(3)(r7„(Z))||i. Let us 
call C the constant given by equivalence ||5(Z))||2 < C||(5(3)(Z)||2 We obviously take 
Hi,a = Hifi^{Z), thus we can first note \\Hi^a{Z)\\l < {2ac'^C^ + C2)l|5(3)(^))ll2 < 
aC"^||5(3)(Z))||2 implying one of the bounds for Hi ^- 

We get in the spirit of lemma [2] for any Z G D{6) : fj'^6i{Z) — 6ifja{Z) = 

For Z e D{S),we call 
R{Z) = snp^^,\{6A{f]^{Z)),S{fia{Z)))\/a^ < C"\\A'/\Z)\\2\\Z\\2 < 00 and then 
S{Z) = supj^supY=Taj^...Taj(z),ai>i ^0^) whcrc we define Tq, = Afja/2a the contrac- 
tion commuting with A^/^ ^]^g^^ < C"\\A^^'^{Z)\\2\\Z\\2 < 00. 
Using the formula rjlf^ = vr"^ ^TWVcx(i+t)/tdt (cf. lemma 2.2 in [3S], for brevity 
we write at = a{l + t)/t > a), one deduces 

1 r°° 

^^V'J\Z) = vT/\{Z) - — / --—vlH,v^xz)dt. 
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We can compute (for a > 1) 

1 poo ,1/2 

air Jq (1 + ^) 
X \{vlH,fj^AUZ),6.{vi/'{Z)) - {f,l5,KUZ).H,f,^MJ\Z)))\ 

< C\2a)''\\Z\\l + / rft_-—-2«i/2(v^2«(«i)'^'l 1^112 + V^iVRiT^iZ))\\Z\\22aat) 
Jo aTr{l + ty 

1 r t^'^ 

+ ■ 



air 



Jo U + (^t 



< C\2af\\Z\\l + Da^'^^/mfJZ))\\Z\\2 + ^«'/'||^| 
S{Z) < D'\\Z\\l + E'^S{Z)\\Z\\2. 



We thus deduce, Hi^a bounded by C4a. As a consequence for any x, ||(5(3) ® 1 © 
1 ® 5(3))(5(?7i(a:)))||2 is finite and taking for x G -D(A) tliis equation for A(x), and 
using also ?7iA(a;) = x — rii{x) we get the last statement. 

□ 

Putting everything together, we can now conclude (under assumption 1 or 2) : 

Corollary 32. There exists a bounded operator 7i on L'^{M ®M)®'^ keeping invariant, for 
any s, L'^{Ms ® M^)®^ such that for any x G D{8 o A); 

A® o5{x)-5oA{x) =n{6{x)). 

Explicitly, seeing as (Tiij) G Mm{B{L'^{M ® M))) we have (the extension by continuity 
beyond D{6) ®aig D{6) following from lemma [501 or assumption 2, Cu := Ci, we use the 
notation of assumption 2, in case of assumption 1, it suffices to define C^^^j = Cfj, C^^^n ~ 

N 



fc=i 

N 

- 5^ 2(m o ((1 ® T6k) ® 1) ® l)(aC0^^6) 

k=l 

N N 

+ 5^2(a(m o ((1 ® r4) ® 1) ® l)(C0iv))6) + 5^a(l ® r ® l)(qtf^#(a ® l)(Cfi^))6 
fc=i «=i 

Af N 

+ ^ 2(1 ® m o (1 ® (r ® l4)))(aC/J^,6) + a(l ® r ® 1)(C^:;^,,#(1 ® a)(C5-^,))6 
fc=i i=i 

TV 

- J2 2(a(l ® m o (1 ® (r ® 15.)))(C^:^^;j6). 



k=l 
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Here we wrote a®h®cjj^a' ®h' ®d = aa' ®hh' ®dc. As a consequence, we get, with \\l®To5k\ 
hounded either by lemma or assumption 2: 

< E ii^^^-ii' ^ E ( II ® i)(ci::iv) - (i ® '^^(cfj^.) - ® i)iim«mo. 

ij ij \ k 

+ II E2(("^ ° ((1 ® ^5.) ® 1) ® l)(C^0iv))) + Y.^l®r® ® l)(Cf+^))| 

+ II E2((l ® m o (1 ® (r ® 14)))(C/Ji);,)) - ® ^ ® ® ^)(Ct''^.))llAf^M=. 



M(g,M°P 



-2 E 1 1 1 ® (1 ® ^4) 1 1 (I |Cg^;vl lMg(M0M<^P) + I |C^' 



,j+N II _ 



3. Complementary properties of our main example 

3.1. A Ito Formula for resolvents under weak assumptions. Let us consider an inte- 
gral of the form : 

Xt = Xo+ [ K,ds + [ U,4^dSs 
Jo Jo 

where Xq G Mq = W, s ^ Kg weakly measurable with Kg G L^{Ms), \\Ks\\ids < 
ooVT > and U G . We also assume Kg = K*,Us = U* (in this part we use the involution 
induced by HS{M), i.e. (a (g) b)* = 5* (g) a*),Xo = X^ so that Xt = X*. 

We would like to find a formula for {z + Xt)~^, 2 G (D, '^z > 0, to compute the Cauchy- 
transform of Xt with this unbounded Xt G L^{Mt). If we supposed Kg G M^, Us G B'^ 
Proposition 4.3.4 of |5] would conclude (see this article for notations, the case with N free 
Brownian motions as in our case is similar to their case, especially we write in this part 
also # for multiplication in M (8 (8 M without confusion with the previous notation for 
multiplication in M (g M°p) since /(x) = = J-^e'^^'^fi^dy) with fi{dy) = —il[o^oo)d^^dy 
(which satisfy l2{f) < 00, and thus their results apply). 

But we are not in such a bad position because all the terms of their expression in the Ito 
Formula for [z + Xt)~^ make sense, this almost only require applying a standard density 
argument left to the reader. 

Proposition 33. With the previous assumptions we have : 

{z + Xt)-' = {z + X^)-' - [ [{z + Xs)-' ® (z + Xs)-'] ihUsi^dSs 

Jo 

-[ [iz + Xs)-'(S){z + Xsr']ifKsds 
Jo 

N i-t 

+ V/ mol®r®l(l® U'miz + ®{z + XsY' ® {z + X,)^i#[/» ® l)ds. 

i=i 

The two next lemmas are also left to the reader. 
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Lemma 34. Let 

Xt = Xo+ ! Ksds + [ Usi^dSs 
Jo Jo 

where Xq G Mq, s ^ Kg weakly measurable with Kg G L^{[0,T], L^{Ms)) , and U G -Bg. 
We also assume X^ & M (boundedly in t). Let say \ \Xt\ \ < 1. 

Then there exists X" = Xq + K^ds + W^^dSs with s i— )■ A'" weakly measurable 
with G L°°([0,r])®M„ AT" converging to K in ^^([0, T], ^^(M,)), and f/" G f/" 
converging to U in iSg. Moreover we have \ \X^\ \ < 1. 

The following variant of the Ito product formula (proposition 4.3.2 in |2]) is now obvious : 

Lemma 35. Let 

Xt = Xo+ f KJs + f Usi^dSg 
Jo Jo 

Yt = Yo+ [ LJs+ [ Vsi^dSs 
Jo Jo 

where Xq^Yq G Mq, s t— )■ Ks,s t— Lg weakly measurable with Kg^Lg G L^{\^,T],L^{Mg)), 
and U,V E -Bg. We also assume Xt, Yt E M (boundedly in t). 
Then, for any t < T : 

XtYt = X0Y0+ [ XgLg + KgYgds + ! mol®T om®l{Ug®Vg)ds 
Jo Jo 



XgVg + UgYgi^dSg 







3.2. Boundedness. In this part, we are interested in the example of part 2. Under assump- 
tion 0, we write Xt G B'^^^,X^ G S^^i/j the solutions given by theorem [10] (i) and lemma 
[in]. We moreover consider an initial condition Xq G Mq (1 D{S). 

Proposition 36. With those assumptions, for any complex number z with > 0, is 
in -62^1/2 (ind 

{z + XI)-' = M{z + + (1 - 6) r <j>t-smz + x:)-')4^dSg) 

Jo 

N 



1=1 







<j)t.g (m o 1 ® r ® l{{z + Xl)-'6,{X^^){z + Xiy'6,{X^^){z + X^^)-')) ds. 



As a consequence, if we assume moreover \\Xt\\2 = H^olb (o-^- t, this is the case e.g. for 
a mild solution given by Theorem^U\ (ii)) then Xt E M for all t (recall we supposed Xq E M) 
and we also have \ \Xt\ \ < \ \Xq\\ (actually equal a.e.), and likewise for any e > 0, X^ G M. 
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Proof. Let e > 0. Since we have a mild solution at e level, by theorem [TO] and since a mild 
solution is a weak solution as seen in Proposition [SI we get by a self-adjointness argument 
of A for characterizing its domain that X^ds E -D(A) and : 

X^, =X,-Ia f Xlds + (1 - 6) /* 5{Xl)4^dS,. 
Jo Jo 

Thus, taking a resolvent, using lemma [2] (ii), we deduce (any a > 0) : 

VaiX^) = VaiXo) - \ j\uXl)ds + (1 - 6) j\t5{Xl)i^dS 

where Xq G Mq, s ^ Ks = — |A?7q,(X|) weakly measurable with G L'^{Ms), \\Ks\Wds < 
ooVT > (all this using the definition of ^i^^) and Us = ri^6{Xg) G Sf. Recall (again 
what we recalled at the beginning of section 2) that ?7q,(Xo) G M by the general Dirichlet 
form theory implying 77^ is a completely positive contraction on M. We are in position to 
apply proposition [321 thus we have : 

(Z + UX^,))-' = (Z + VaiX^,))-' 

- (1 - e) / [{z + ux:))-' (^{z+ va{x:))-'] i^^^5{xi)4^dSs 

Jo 

+ \j [(^ + UXl))-' ® (^ + UXl))-'] i^AvaiX:)ds 

i=l 

moi®r® i((z + uxi))-WMxi){z + ^xDY'iitUxDiz + ux's)r'). 

But remark that for any x G D{E), {z+x)~^ G D{5), and 5{{z+x)~^) = —{z+x)~^6{x){z+ 
x)~^. Indeed, we check this easily on D{6) C M by Leibniz rule, and taking x„ G D{6) 
converging to x in D{6), a usual formula on resolvents [z + — [z + x)~^ = [z + 

Xn)~^{x — Xn){z + x)~^ get convergence of [z + to [z + x)""*^ in L'^{M), and thus of 

6{{z + Xn)~^) in //-"^(M^M) to (2 + x)~^5(x)(2; + x)~^. A fortiori, we have weak convergence 
in L^(M® M). Since a convex set in L^(M) ©L^(M® M) is closed if and only if it is weakly 
closed by Hahn-Banach theorem, we get {z + x)~^ G D{6) and the result. 

Analogously, we have for any x G -D(A), {z + x)^^ G D{A^) (cf. the paragraph before 
lemma [13] for definition) and moreover : 

-A\iz + x)"^) = (2 + xy'A{x)iz + 

AT 

+ 2^mol®r®l(l® Si{x)i^{z + x)"^ ® (2 + x)"^ ^ {z + x)~^#(5i(x) ® 1). 
1=1 

Let us write Rt,z,a,e = {z + ria{X^))~^ . Thus, we have obtained, if we apply this formula 
to our previous equation making appear terms by emphasizing "commutators" of rj'^ and 6, 
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writing Ys^z,a,e,i ■= {Rs,z,a,e{'na^ii^l) " '^i'?,:. (^l) : 

Rt,z,a,e = Ro,z,a,e+il-e) / + - ^ / A\z + 7]^{X',))-^ds 

Jo ^ Jo 

+ V / mol®r® l{Y,^z,a,e,iVa^iiXl)Rs,z,a,e + Rs,z,a,JiVaiXl)Ys,,,a,e,i)ds 
i=l 

+ ((1 - e)2 - 1) V / m o 1 ® r ® liRs.z.a,.V^HX:)Rs,z,a,eV^S,{Xl)R,,,,^,,)ds. 

i=l 

As in the proof of proposition [7] (take C, G -D(A) fl M) showing that a strong solution is a 
mild solution, we have : 

Rt,z,a,e = URo,z,c.,e) + {l-e) [ (l)tMRs,z,a,e) + Y,,,,^,,)i^dS ^ 

Jo 

+ X] / ^^-"^ ^ys,z,a,e,irit^i{Xl)Rs,z,a.e) + ^..2.a,E^i'7a(^s)^s,2,a,e,i) ds 

+ ((1 - e)2 - 1) V / 0,_,m ol®T® l{Rs,z,a,.V^UX:)Rs,z,a,eV^HX:)R,,,,^,,)ds. 

i=l -^0 

We now want to make a tend to oo. The three terms with Y tend to zero by dominated 
convergence theorem (domination modulo constant by ||5(-^^)ll2 since X*^ G ^2^1/2.) In 
the last line we can remove rj® in the same way and we get weak convergence in L} to the 
expected limit like in the end of the proof of proposition [32] (of course we have to use (p 
bounded on M). Clearly, the two resolvents in the first line converge in LF' and the same 
kind of reasoning already made shows that 5{{z + ?7q,(X^))~^) weakly converge in L? to 
^((2; + X|)~^)ll. A dominated convergence theorem concludes as above for the corresponding 
stochastic integral. At the end we have got weak convergence in of all terms so that : 

{z + XI)-' = M{z + Xo^)-i) + (1 - 6) r <Pt-sm^ + Xl)-')#dS,) 

Jo 

+ ((1 -ef-l)Y, ds<j,t-s (m o 1 ® r ® l((z + X:)-'5.iX:){z + X:)-'5.{X:)iz + Xl)-')) 
i=i -^0 

We now want to make e tend to after taking the trace to get the second statement. Note 
that in our context of section 2 where ||5(x)||2 = ||A^/^(x)||2, dS]) gives : 



Jo 



el |2 
t 1 121 



■^remark that this second term is aheady known to exists; by boundedness in of the convergent Srja^Xl), 
we get that (z + r?a(X|))-i(5(r;„(X|))(z + r;„(X|))-i is close in ||.||i of (z + X|)-i5(77„(X|))(z + and 
finally, with convergence in of (z + X|)-i(577„(X|)(z + X|)-i to {z + XI)-'^S{Xl){z + X^)-'^; we have thus 
obtained the convergence in L^, using that the two terms are known to be in and the sequence bounded 
in this space, you get the result. 
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Incidentally, this proves the statement that IIXqIH = H-^iHi case (ii) of theorem [TO] since 
we proved there convergence of Xt in and boundedness of ||5(X^)||2. 

But (modulo extraction) the weak limit defining Xt gives ||Xt||2 < liminf ||X^*^||2 and thus 

limsup(l-(l-e)2) / \\6iXl)\\lds<\\Xo\\l-\\Xt\\l 

e->0 Jo 

And the last term is almost everywhere under our assumption. Moreover, the trace of the 
second line of the equality of proposition |36] is bounded up to the cube of an inverse of '^{z) 
by this quantity, and thus we get almost everywhere (in t independent of z) equality of the 
Cauchy transforms of Xq and Xf (using an argument as above to prove norm 2 convergence 
of X^ to Xt on the a.e. set where ||^j||2 = H^olb); giving a.e. boundedness (and equality 
of von Neumann algebra norms) . Now we can use the weak continuity proved in theorem [10] 
to extend boundedness everywhere. 

Second, to prove that X^ G M, consider "^^ 1 < i < N, J e {a,b} a family of free 
Brownian motions, on which we extend 5 by 0. We can always write Ss^^ = (1 — e)Si^'°'^ + 
^l_(l_e)25P). 

We have thus 

Xt = MXo) + (1 - e) f <i>t-s{S{Xs)ihdS'f^) + ^l-{l-tY f 4>t^s{S{X,)#dSf'^). 

Jo Jo 

We want to prove that, if we apply Ea, the conditional expectation on the von Neumann 

algebra M'^'^^ generated by Mq and Ss"'\ we get : 

Ea{Xt) = M^o) + (1 - e) f <i>t^s{S{Ea{XsMdS'f^), 

Jo 

which says nothing but by changing 5*^ in Si"'\ Ea{Xt) is an instance of (the unique solution) 
Xt getting the stated boundedness. 

Since Ea{jl (l)t-s{5{-^^x~)H^dST')) = is a consequence of freeness between {S'i'^^} and 
{S'i''^}, we just have to show several commutations of Ea with several operations, more 
precisely -. Eacf^t = <PtEa, Ea{.i^{St'> - Si""^)) = (E,®E,(.))#(5j"^ - S^""^) on L\Ms) and 
Ea®Ea o (5 = 6 o Ea- With that and obvious lemmas about stochastic integrals, we will 
have what we want. The first equation is nothing but an instance of the preservation (con- 
tained in the preliminaries of part 2.1 with this new case of zero extension) by A of M^"^ 
(and characterization of conditional expectation). The second is proved in using also the 
characterization of conditional expectation once noted that we can use instead of someone 
in L2(M(")), someone in L2(Mi"^ ® Mi"^)#(5i"^ - Si"^) by orthogonality. The third one is 
verified by using the fact that 6* : L'^{M^''^ (g) M^"^) /.^(M^")) (and characterizat ion of 
conditional expectation). □ 

3.3. Stationarity. 

Proposition 37. Let us call $t : Xq G Mq D D(5) ^-^ Xt E Mt the previous ultramild 
solution of theoremHUl assuming ||X(||2 = ||-^o||2 ^-e (modulo the boundedness of the previous 
proposition for the range). Then, $t(Xo'Ko) = $t(Xo)$t('Ko) if Xq^Yq G D{5) H Mq. 
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Proof. Since $t(X*) = = 1 and r is faithful, D{S) fl Mq a *-algebra, it suffices 

to prove that for any Xq,Yq, Zq,Tq G D{6) fl Mq 

r($t(Xo)$t(yo)^t('^o)^t(^o)) = t(-^o^o-^o^o)- For notational convenience we prove only the 
case Zq = Tq = 1 (even if this case is also a direct consequence of the assumed isometry by 
polarization), the general similar case being left to the reader. 
Let also ^ : Xq e Mq n D{S) ^ XI e Mt. 

Apply Ito's formula (assumptions of proposition l35|) to ria{Xl)., and rjaiY^ ) (using they 
are valued in M) : 

UXDUY,^) = Va{X^o)Va{Y,') + (1 - e) f nt{KXl))r^^{Y:) + r/,(X:)7^f (5(F;))#d5. 
1 /•* 



r/„(X,)Ar/„(n) + Ar/,(X,)77„(n)ds 
+ (1 - e)2 V / m o 1 ® r o m ® l«(5i(X:)) ® r]^{6^{Y:)))ds. 
We can now use lemma [13] to get : 

+ (1 - e) ^ 6MXl)vaiY:MdSs ^\UXl)UY:))ds 

+ ((1 - e)2 - 1) V / mol®Tom® l((5,(r/„(X:)) ® 6iMY:)))ds 

i=l "^0 

+ (1 - 6) [\vmx:)) - 6{ux:)))uy:ws, 

Jo 



+ (l-e) / {UX:){r^^{6{Y:))-6MY:)MdSs 
Jo 

+ {l-efY. m°l®rom®l(«(<5.(X:))-5,(r/,(X:)))®r/«(5,(F;)))rfs 
Jo 



i=l 
N 



i=l "^0 

Using once again the trick of proposition [7] to pass to something which looks like a mild 
solution, then we can take the limit a — oo as in Proposition |36] and finally we get (using 
that (^1{XqYq) is a mild solution since XqYq e D{S) D M) : 

mXoWtiYo) - mXoYo) = (1 - e) f <Pt-s{SmXoWsiYo) - <!>l{XoYoMdSs) 

Jo 



i2 



N pt 

1) V / (Pt-s (m o 1 ® r o m ® l(5,($^(Xo)) ® S^i^KYo))) ds. 
i=l ^0 
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Since <l>^(Xo) converges in ||.||2-norm to $t(Xo) (a.e) (using again assumption on ||.||2- 
isometry), we can show that, after taking the trace, this equation converges to the wanted 
relation r($f (Xo)$t(lo)) = t(^o^o) since also the last term goes to zero as in proposition 



□ 

4. Applications 

4.1. Free Difference Quotient. 

Corollary 38. Assume assumption 1 and Xi, ...,Xn € D(A)nMo. Then for any t > there 
exists an embedding ■ Mq = W*{Xi, Xn) -> Mq * L{F{oo)) and Si, Sn e L{F{oo)) 
a free (0, 1)- semicircular family, free from Mq and such that : 

N 

\\<l>t{X,)-X, - ViJ2^^{X,)i^S,\\2 < c, t, 
1=1 

for a fixed constant 

c'^ = \\\A{X,)\\l + l[\\A^'/'{6{XMl + l\\mM^^ 

Moreover, <l>t{Xj) G iy*(Xi, X„, 5i, 5;v, {5-}°^o) ^here Q is a free semicircular 

family free with {Xi, ...,X„, ^i, Sjy}. 

As a consequence, if we define = Y^c"^ , we have the following inequality for the Wasserstein- 
Biane-Voiculescu distance : 

dw{fJ'Xi,...,X„,fJ'Xi+ViS{Xi)#S,...,X„+VtS{Xr,)#s) <ct- 

As another consequence, using |^ Theorem 4], any R^-embeddable von Neumann algebra 
generated by Xi, ...,Xn with Lipschitz conjugate variable have 6q{Xi, ...,Xn) = n. 

Remark 39. This result is analogous to proposition 2 in |46) . and to an inequality in |3], but 
the latter is for the free difference quotient for n = 1 with only finite Fisher information and 
the former for any derivation assuming d{Xj) and d*d{Xj) can be written in terms of non- 
commutative power series and for a general n. Compared to these results, our result can be 
applied for a general n but for "almost coassociative" derivations, and for the free difference 
quotient with only the assumption Lipschitz conjuguate variable ( i.e. dd*l^l G (Af®M°P)"', 
which corresponds to Lipschitz conjugate variable in the n = 1 case, cf. also [57] for a more 
general justification of this terminology.) Note also that in that case the constant is ex- 
pressed in terms of free Fisher information X„) = Yli Il^(^i)ll25 becomes the 
expexted c = X„))^/^/2, so that for instance if Xi, is such that the associ- 
ated Orstein-Uhlenbeck process Yi{t) = e-'/'^Xi + (1 - e-'Y^^Si satisfy Xi{t), ...,X„(t) have 
Lipschitz conjugate variable (in the above sense for all t > 0, which is by no means a trivial 
assumption) then the argument of gives the corresponding free Talagrand transportation 
cost inequality : 

dwii^i, Xn), {Si, Sn)) < 

V^(X*(^l,...,^n)-X*(^l,- 
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We prove in [T2| this result in full generality using another way of solving stochastic differ- 
ential equations. 

We give a concrete non-trivial example of Lipschitz conjugate variable in subsection 4.3. 

Sketch of Proof. For the reader's convenience we outline how this follows from the beginning 
of the paper. Using Assumption 1, theorem [281 gives the conditions to apply theorem [TO] (ii) 
with u = 0. Then = Xt is given by the mild solution of the SDE given by (ii) and the 

stated inequality is the one coming from (i) in theorem [10] (the inequality on Wasserstein 
distance is then an obvious consequence, note that 5{Xq) E -D((A (g) 1 + 1 ® A)-^/^) follows 
from lemma [3T] (v)). The fact that gives a *-homomorphism comes from Proposition [371 
Since it preserves the trace by the SDE it satisfies, we can extend it at the von Neumann 
algebraic level. {Si,Sj are produced from the free Brownian motion of the SDE). Assumption 

1 is true in case of Lipschitz conjugate variable as follows. First, the free difference quotient 
being coassociative, (a) is true with C = 0. (a') (with p = oo is true by the definition on 
non-commutative polynomial and because lipschitz conjugate variables imply the conjugate 
variables are in M (using e.g. the equality (1) in [H]). (b) is valid (directly via Lipschitz 
conjugate variable assumption) for p = oo in the context when Compng^ ^iRoo,t, 2 -|- e, 2, oo) 
holds (cf remark ^ with R^ce = (2 + e, 2 + e, 1 + e/2, 1 + e/2, 1 + e/2). with thus p = 

2 + e, a = 1 + e/2. 

Since B contains non-commutative polynomials (c) is obvious. 

As stated, the equality on microstate free entropy dimension then comes from [l6l Theorem 
4]. □ 

4.2. Preliminaries and relations of three natural derivations on g-Gaussian fac- 
tors. Our goal is to study three derivations on g-Gaussian factors : the free difference 
quotient, the commutator with right creation operators and the one giving the number op- 
erator as generator of the associated Dirichlet form. Especially, we want to find values of 
g's for which they can be seen as closed derivations with value in the coarse correspondence, 
and equivalent in the sense of definition [TTJ 

We will use this preliminaries to apply our results in the next two subsections. 

4.2.1. Preliminaries on q-Gaussian factors. We recall the construction of g-Gaussian vari- 
ables given by Bozejko and Speicher in [7]. 

Let < oo be an integer, "H = IR^, l-ic = (D^ its complexification, and — 1 < g < 1. 
Consider the vector space 

n>l 

(algebraic direct sum and tensor products). This vector space is endowed with a positive 
definite inner product given by 

n 
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where i{n) = : i < j and 7r{i) > 7r(j)}, and Pq = X^TreSn q^^'^'^TT where vr acts via 

7r~^(Ci (8 ■ ■ ■ (8 Cn) = C7r(i) ® ■ ■ ■ (g) C7r(ra)- Denote by Fq{'H) the completion of Faig{H) with 
respect to this inner product. 

For h ^Ti, define i{h) : Fqil-i) — t- Fq{'H) by extending continuously the map 

l{h)hi ® ■ ■ ■ ® hn = h®hi®---®hn, 
i{h)Q = h. 

The adjoint is given by 

n 
k=l 

t{h)n = 0, 

where denotes omission. uj{h) = i{h) + i*{h) are q-Gaussian variables. TgiTi) is the von 
Neumann algebra generated by u^h) /i G "H, acting as bounded operators on Fq{'H). We use 
on it the faithful trace Tq{X) = {XQ^Q). It is well-known that L'^{Tq{H),Tq) ~ Fq{U). For 
C G Faigi'H) we write the element in Tqil-L) such that V'lO^ — ^i associated to this 
identification (since it is easy to see that Faig{'H) C FqiT-i) is identified with a subspace of 
^qijH) C F^ {V q{T-L) , Tq) corrcspoudiug to polynomials in a;(/i)'s). 
Consider also r{h) given by 

r[h)hi ® ■ ■ ■ ®hn = hi® ■ ■ ■ ®hn®h 
r{h)VL = h. 

Finally, let P„ : Fqil-i) — Fqil-i) be the orthogonal projection onto tensors of rank n. Let 
= Xln>o^"-^"- obvious that is an Hilbert-Schmidt operator as soon as q^N < 1. 
We also introduce a natural finite rank approximation = Yln=o^"^^n- 

4.2.2. Three natural derivations on q-Gaussian factors. The following lemma is proven in 
[l^(and stated exactly in that way in Lemma 5], and (iii) is proved using also |^ 
Theorem 1]). 

Fix an orthonormal basis {hi}fLi ^ IR^ and let Xi = uj{hi). Thus Tq{li) = W*{Xi, Xn), 
N = dim'HiR. We may also write for i = [ii, z„) G A^" ipt = ip{hi-^ (g ... (g hi^). Finally, for 
a von Neumann algebra M, M °^ will be as usual the opposite algebra. Later, I will consider 

M = Tq{H). 

Lemma 40. [S] For j = l,...,iV, q^N < 1, let : C(Xi,...,X^) ^ HS be the 

derivation given by df\Xi) = 6i=jEq = [Xi,r{hj)] = [r{hj)*,Xi]. Let d : C{Xi, . . . ,Xn) 

HS^ be given by d'^'^^ = d[''^ © ■ ■ ■ © (9^'' and regard d as an unbounded operator densely 
defined on L'^iTqili)). Then: 

(i) d^^^ is closable. 

(ii) If we denote by Zj the vector 0©---©Pq©---©0 G HS'^ (nonzero entry in j-th 
place, Pq is the orthogonal projection onto Cf2 G Fqil-i)), then Zj is in the domain of d* and 
d('^>iZ,) = h,. 

(iii) l © T{dj''\x)) = dj'^\x)^l = r{hj)*{X.Q) (in the first equality we identify isometrically 
HS with L^iVqiH) © TqiHy^) as usual via a®h with the rank one operator arib.) ) 
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Let us recall the following crucial result of Bozejko ([5]) giving an Haagerup like inequality 
for q-Gaussian variables. 

Theorem 41. (Haagerup-Bozejko Inequality ||5jj // C^^ = Yim=i(^ ~ ^'") then for any 

WmilLHTMr,) < ll^(Ollr,{W) <C|'f(n + l)||^(OllL^(r,(«),.,). 
Moreover, for any rj G ® "H®™- c FaigiH) ®aig Faig{T-i) (e either op or nothing) 

IIV^ ® ^i.v)\\v,{H)m,{HY ^ C'k|(^ + l){m+l)\\^® ^/'(^)IU2(r,(w)®r,(w)°p,r,®r,)- 

A short proof of the first part can be found in [20] (basically variant of |S] without writing 
the computations), the argument obviously giving the second part too. Alternatively, we can 
apply to Ui = ip (and a variant with right multiplication in the case e = op) of the fact that 
if Ui : Hi ^ B{Ki) are bounded maps from Hilbert spaces to bounded maps on a Hilbert 
space (nothing but trilinear forms on Hilbert spaces), then their tensor product -Ui (8> M2 is 
bounded from Hi ® H2 to B{Ki (8) K2) with | |mi ® M2I I ^ 1 1"^!! I 1 1'^2| I- 

From now on may not be written explicitly, no more than identifications between 
L^(rg{'H)^Tq{'H)°^) and Hilbert-Schmidt operators (following section 2, but here the adjoint 
being the one coming from TglTi) ® TglT-t)"^ if not specified explicitly). 

As a consequence, for any C, G ©p<„'H®^ of component ^p, we also have by Cauchy- 
Schwarz : 

I \m I ir,(w) < cf^' J2^p+ 1)1 iw.m^r,) 

(14) < (n + l)^/^(E ll^(^^)lli^(r,(«),.,))'^' 

Likewise, for any 77 e ©p+g<„ "H*^^ ® "H*®^ we also have : 

(15) IIV^(^)llr,(w)®r,(w)°p < Cfg\{n + lf\\i^{v)\\LHr,iH)csr,{Hrp,T,(^T,) 

In order to state the next result, let us fix several notation about tensor products (similar 
to those of [51] 3.1). M is a given finite Hi factor with faithful normal trace r. M®M°^ is the 
projective tensor product of M with its opposite algebra, with the corresponding *-Banach 
algebra structure. Let a : M®M°^ — )■ B{M) be the contractive homomorphism given by 
a{a®b) = LaRbi where La and are respectively the left and right multiplication operators 
by a and h. We will denote LR[M) the algebra a{M®M°^). It is easily seen that | |a(x)m| |p < 
ll^llM(giM°p|l'^llp5 1 < p < 00 so that LR{M) acts boundedly on Lp{M, t) (the completion 
of M with respect to = t{\x\^Y^^). Consistently with previous notations, we will write 
x^m any of those actions (and several others we are about to discuss) . For p = 2 this gives 
a map /3 : LR{M) — )■ C*(M, M') where M, and M' are with respect to the standard form of 
M on L'^{M). Further we have a *-homomorphism 7 : C*{M, M') — )■ M®M°^ with value in 
the von Neumann algebra tensor product given by the general C* tensor product theory. We 
will of course see Af®M°^ as a J/i factor with canonical trace r®T. Finally, we will write # 
any "side multiplication" when defined. For instance, a ® fe#a' b'^a" (g> b" = aa'a" ® b"b'b 



60 



Y. DABROWSKI 



SO that # may be in this case multiphcation in M®M°^ , or any of its induced actions on 
L2(M (g) M°^'). More generally, for i G - 1], a^, hj G M, we write 

(fli (S) 02 (8) ... ® ® ... (8) 6n) = cti ® ... ® ctifei (8) 62 ® ... ® &n.ai+i (8) ... ® ap 

(if p = 2, #1 = and likewise the corresponding extension for instance M^^^M*^^"' x 
M®" — )■ iVf*^""*"^"^ (or any analogues containing the multiplication being then consis- 
tently defined to get what expected above in M as if there where everywhere M, for instance 
if a(8)a',c(8)c' G M®M°p, h®h'(^h" G (M(8)M)(8)M''p we have (a(8)a')#((6(8)6'(8)6")#2(c(8)c')) = 
((a (8) a')#(& (8) 6' (8) &"))#2(c (8) c') = (a6 (8) &'c (8) c'6"a') e M ®M ® M°p (all multiplications 
written in M, if we were more consistent with we would have written a'b"c'). However, 
we won't use this notation if c(8>c' is thought of in M^M, but everything would be the same 
if also h®h' ®h" e {M ® M"P)(giM°P except for the value in this space in M (8) M"p (8> M"p). 

We will often use the following assumption and give an easy sufficient condition deduced 
from Bozejko inequality in the next corollary. 

Assumption Iq -.qy/N < 1 and Eg is invertible in M®M°p 

Even if we will scarcely use it, for R> 1 and a non-commutative power series (of radius of 
convergence larger than p with value in a tensor product) F{Yi., Yn) = <^n,.--,«n,p^ii---^jp® 
Yij^^^...Yi^ we write the usual norm = X] \(^ii,-,i„,p\R^ ■ We will use the same notation 

with less or more tensors in the space of value. 

Corollary 42. When the right hand side in the inequalities bellow is finite, comes from 
an element in M®M°p, and respectively M0M°p via L'y/3a or l : M®M°p L^{M®M''p) 
and with obvious notations: 



|Sg - 1 ® 1| 



4 


Q 


N 


1 - 




Q 


N 



^ 5i\q\Nf ^ 2(|g|iV)3 



my 



\q\Ny 



4 


Q 




1 - 




Q 





+ 



5(|g|ViV) 



2{\qWN) 



■.u{q,N) 
=:p{q,N) 



l-\qWN (l-|g|ViV)2 (l-\q\^Ny 

Especially (N > 2) if q is such that i/(g, A^) < 1, e.g. for \q\N < 0.13, then Sg is invertible in 
M®M°P (resp. if q is such that p{q, N) < 1 e.g. when \q\\/N < 0.13 then Iq holds) Moreover, 
ifqy/N < 1, ||H^-Hg||M®M°p ^Q^oo andEq G C*(Xi ® 1, 1 ® Xi, ...1 ® X^) C M®M°p 
is positive so that is well defined. 

Moreover, if e > and (4(2 -f- eyN + 2)\q\ < 1 there exists a non- commutative power 
series Eq(Yi, ...,Yiy) with radius of convergence greater than R = {1 + > such 

that Eq{Xi, ...,Xi\f) = Eg, and 

4{2 + eyN\q\ 



1®1 R< 



1- (2 + 4(2 + e)2iV)|g| 



and likewise. 
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Proof. Since P„ can be seen as a finite rank operator written as ^ ® ^* with the usual 
identification (the sum running over an orthonormal basis of T-L®^), the previous theorem 
gives -.WPuWumio. < E^lieir < Cf^iin + lYE^Wm = Cf^^in + lfN^. The inequahty 
follows from a standard computation. 
Likewise 

n>l 5 n>l 5 n>l 

Let US call f{qN) the term in brackets in the right hand side of the inequality, to 
get f{qN) < C^^^, it suffices to have f{qN) < (1 + \q\)^ W^^iil - kDVll + kD^ = 
(E^gl^(— and again keeping only the smallest order it suffices to have /(|g|A^) < 
(1 — \q\ — 2|gp)'^ and solving numerically f{qN) < (1 — |q'|A^/2 — \q\'^N^/2)^ (sufficient since 
N>2) one gets |g|iV < 0.1386.... 

For the last statement, we only improve an estimate in [IH]. We write Pi the polynomials 
giving, by evaluation on Xi, Xj^i, the orthonormalization of ipi defined in lemma 8 in 
|46| . More specifically, we consider the Gramm matrix of q-scalar products in the space 
of tensors of length n given (for |j| = |/| = n) by : (Tn)(i,ij = {i^h,...,j„,i^h,...,i„)q, this is 
an X A^" matrix known to be positive and invertible (with real coefficients), and we 
consider B = F~^/^. Note that by definition it is given by the image of the element of 
-Pg"^ = XlvrGSn g^'-'^^vr lu the algebra of the symmetric group Sn by the obvious representation 
'^q,N,n of 'S'^ on (the formal basis of the (D^ ) and it is known from (TB] and |59| a formula for 
Pq"^ ^ given by the inductive relation Pg"^ = 7r„_i^„(Pg'^ ^^)M„,7r„_i^„ the usual embedding 
of Sn-i in Sn with image leaving 1 invariant and M„ = X]fc=i q^"^{^ ~^ (with the notation 
{k — >■ /) the cycle sending k + i to k + i + \ for 0<i</ — A; — 1 and sending / to k) via 
= n]=„-i(l - g^ (l -> J + 1) n°=n-2(l - ?"^'(2 -^n-])y\ We will use it through 
= Hq^N^niPiT^ We also write ipjiYi, ....,Yn) the non-commutative polynomial defined 
inductively by (^/'e = 1 for the empty word e): 

= yixi^i2,...,i„ ^ q^ ^h=ij'4'i2,...,ij,...,i„- 

As in the proof of proposition 2.7 in |6], we use the following identity for ipi = ipi{Xi, ...,Xn) 
for ipi introduced before. 

Then by definition, Pi(Yi, Y/v) = Ylj \j\=n ^n) so that (as checked in lemma 

8 in jl6]) {j9j(Xi, ...X]s[)^}\i\=n is obviously an orthonormal basis of H®". 

Eq(Yi,...,Ypf) = •••'^Af) ® •••5^7v) will be the power series we are 

looking for once proved an estimate on its norm. It suffices to bound (using symmetry of 
the matrix B) : 

\\Y,pdyi,---,yN)®pKYu...,YN)\\B = \\Y,B,j^i;,iY^ 
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Now using the the expression for expanded from the inverse coming from the action 
of the symmetric group algebra, it involves only \\ijj„(^j){Yi, ...,Yj^)\\p and from the bound in 
lemma 4.1, one gets 



J2Bf,uyi,-,yN)\\p< ii^-\<i\)fl\^TTk] sup ||^.(,)(ri,...,r;v)||«. 
j \ k=l ^ 1^1 ' 



Finally, lemma 6 in [46] shows any coefficient of a monomial of degree k < n in ipj is at 

most 2"~'^'(y3|^)"'~^ and its very definition shows that only the at most (^) sub-monomials of 

X,,...X,„ can occur so that \\4,,{Y,, ...,Y^)\\, < ELo Odq^)""^ = (P+iq^)"- Likewise, 

we have < ELo (iq^)"" V"' = ^(P + iq^)""' 

Finally, we proved : 



k=l 
\2\ " 



\ 2n j^n 



1 - 2\q\ J l-\q\ 

The last rough estimate is as above (in this proof for the estimate on f{qN) and detailed in 
lemma 8 in EHl) and it concludes. Likewise 



1 1 J2 dmiYu Y^) ® pliY,, Y^) \l<n (^^J^) ^ ^T^^'"^" 

Note that positivity comes from the identification of Xln^"-^" ~ ^qiQ^d) with the second 
quantization. □ 

As a consequence, for q such that Ig holds (e.g. p{q, N) < 1), if dj is the j-th free difference 
quotient with respect to Xi, . . . ,Xn we have dj = since dj{Xi) = lj=jSg#S~^ = 

® 1. (recall # in this context is multiplication in Af®M°^) We can also define an 

approximation of d^'^'' : dj^''^\Xi) = lj=jS^. 

Finally we want to introduce a derivation giving the number operator as generator of the 
corresponding Dirichlet form. We define first the ^j'^^ := dkH^X^ valued in T qiT-L^l-L) where 
X^ is the q-Gaussian variable corresponding to the second copy of the eigenvector hk in the 
second term of the direct sum. Said otherwise this is the only derivation sending X^ to X^'. 
This derivation is defined for any q. We also want to compare this derivation to another 
derivation valued in the coarse correspondence. For q such that q\fN < 1, we can define 
df := . 

Proposition 43. For any ^ G "H®", r] e "H®"", any q G (-1, 1), G D{d^^^) and we have : 

k 

As a consequence, d^'^^ = {d[^\ dn^) is a closable derivation, with d^i)*d'^'i) = A the number 
operator satisfying A(^) = n^,^ G l-L®^ . 
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Moreover if qy/N < 1, for any polynomial P, Q, R, S E €{Xi, Xn), 

{Rdi;'\p),Sdi'\Q)) = {Rd^^\P),Sd^^\Q)). 

Thus, one can see d^^^ as valued in a himodule included in the coarse correspondence. 

Finally, if Iq holds, d^^\ d^^\ d^'^'^^ (for Q> Qo large enough depending on q such that 
the left hand side of the third inequality bellow is positive) and dk are all closable and their 
closures share the same domain, with, for any x in their common domain : 

Actually, d^'^\d^'^\d,d^'^''^^ are equivalent (in the sense of subsection 2.1). 

Proof. The domain property stated is obvious since is a non-commutative polynomial in 
Xi, X^r. Moreover, by linearity, we need to check the first equality only for = 
and V^(r7) = 

As in the proof of proposition 2.7 in 0, we use the following identity : 

i>2 

Applying dk, we find : 

i>2 

As a consequence we deduce by an immediate induction : dk{il'ii,...,i„)i^X^' = J2j hj=k'^ii,...i'....,i, 
(where the prime indicates we have to consider the ij of the second copy of T-L). 

We can thus compute (using the definition of the scalar product in the second and fourth 
lines, and removing properly summations and Kronecker functions la=b in the third and fifth 
lines): 

k k i,L 

n 

k i,L TveSn P=l 

n 

= l{n=m} Y Y ^^■'=fc Y 'i'^^^ n ^ip='-(P) 
k i n£S„ p=l 

= l{n=m} Y Y ^n=k{'4^h,-,3^^ ^h,...,l„,)q 
k i 



64 Y. DABROWSKI 



We now assume qy N < l.To explain the second equality, note that we can rewrite (since 
selfadjoint) (a ® ^#2^^, a' ® fe'^S^^) = {a®h,a' ® b'j^Eq) and then : 

{a®h,a'®h'4^Eq) = = ^g"r(a*a'P„(6'6*)) = T{a*a'rg{qld){b'b*)), 

n ^ n 

where Tq{qld) is the second quantization. Then, our claim follows for instance from The- 
orem 3.2 in [H] which implies T{a*a'Tq{qId){h'h*)) = (a O fc#X^,a' O (Theorem 
3.2 is a variant of Ito formula, one can apply it after identifying the first copy of "H with 

span{^/nl[k/2n,{k+i)/2n), = 1, in ^^([0, 1]) and the second with span{\/nl[fc/2n,(fc+i)/2n), k 
72 + l,...,2n}). 

The last inequalities in the proposition on non-commutative polynomials follow from corol- 
lary Upland assumption Iq. It implies closability since (9^'^^ is closable (by lemmas WI\ and HU]) 
and the result extended to the closures. 

□ 

Remark 44. Even if we won't use later the analytic bound we got in Corollary |42l it is worth 
noting it can enable us using our last derivation d^'^^ to prove complete metric approximation 
property for Tq{'H) with small g, or (reprove) absence of non-trivial projections for the 
corresponding C*-algebras following the lines of 120]. Indeed, first note that using the analytic 

expansion ^^^{Yi, ...,Yn) = 1 ® 1 + ^^=1 (^f ) - ^ ® so that we get a 

Lipschitz bound 

(n,...,y^)-sf (z,,...,z^)|| 



oo 



k=l 



< ^ ^ sup(||X, 



4(2 + e)^iV|g|(l-2|g|) 

2 



2v/l-|l(2.-l®l)||p i (l-(2 + 4(2 + e)2iV)|g|) 

< , supdiX. - Z ''^ + - 21^1) 



v/l-(2 + 8(2 + 6)2iV)|g| ' ^"^(l-(2 + 4(2 + 6)2iV)|g|)3/2 

< KSUp(||Xi - ZiW), 

i 

the last inequality being true for k < 1/2 if 4(2 + e)'^N\q\{l - 2\q\) < 4(2 + efN\q\ < 
(l-2(2 + 8(2 + e)2iV)|g|)/2 < (1 - (2 + 8(2 + e)2A^)|g|)V2, i.e. for (4 + 24(2 + e)2iV)|g| < 1. 
As in [2D], one can consider the solutions (given by Picard iteration) Xj ^ = Xj — | cisXj 

/;sy'(Xi,„...,x^,,)#ci^:, r,,^ = o - + /;Hy'(yi,„...,F;v,s)#c^5:. From m or 

[T2] (and the above proposition HSj) , Xi t is stationary so that at{Xi) = Xi^t {i = l?---;-^) 
defines a trace preserving homomorphism. By variation of constants, one gets 

(x,,i - y,,i) = X, - 1 rrfs(x,,, - F,,,) + /'(s;/2(Xi,„ ...,X^,,) - Sj/2(y^^^, y^,,))#rf^^ 

^ Jo Jo 
Jo 
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And from our inequality above and Biane-Speicher's version of Bur kholder- Gundy 
inequality we deduce : 

snp\\X,^t-Yi,t\\<e~'/^snp\\Xi\\+ ( [ dse-^*"^)/^^ sup | - l^") 

SO that from Gronwall's lemma (in line 2 after using a trivial bound on squares and k < 1/2) : 

\Xi,t - y^ir < 2e-*sup + 1/2 f / c/se-(*-^) sup - Y,^,\A 



sup 

i 



< 2e^*/2 sup||Xi|p ^ 



Thus, since Yi^s G C*{Sl) we got the property of corollary 4.1 in j20] and by the reasoning 
of Theorem 4.2 there, C*{Xi, ...,Xn) has no non-trivial projections (remember this applies 
when (4 + 24(2 + e)'^N)\q\ < 1). Likewise by the reasoning of theorem 4.3 in [20] we get 
complete metric approximation property in the way they get Haagerup property. This result 
has been recently extended by Stephen Avsec to all g G (—1, 1). Of course, in the smaller 
range of q we consider we have almost inclusion in L(IF^) too. 



4.2.3. Regularity for Eg and almost coassociativity of two among our three derivations. We 
start by noting the following consequence of proposition |43] (we uses a notation from the 
beginning of subsection 2.1.5) : 



Lemma 45. // Ig holds and for ^ G 7/®", for V any among dml'^ o . . . o dml'^ 
p G [l,nlk e [l,p],m, G [1,N]J = l...p, \\Vml < {n\\E;'\\Mmio^fm\l ■ 

Lemma 46. Assume Ig and \q\N < 1, then \\dk ® '^'^q\\{M^M°p)^M < Likewise, with 
U, V, W any among dj, df^, we have U ® V{~.g) G {M®M°p)®{M°p®M), {U ®1®1){V ® 

i)(Sg), {i®u ®i){y ®i){^q) G {M®M''p®M)®M,{u®i®w){y®i){^g), {i®u®w){y® 

l)(Sg) G {M®M°P®M)®{M®M°'P) and symmetric variants. We also have convergence of 
any ^f^^ variant to the Eg case in those spaces. 



Assume now only Ig, then, for T) any among dml'^^^ o . . . o dml''^ ''^'^ p > l,ki G 
[l,p + l],mi G [1,A^],/ = l...p, G D{V) and \\V{Eg)\\^j^p^j^,p,\\V{E^)\\^^j,^^jop < 

(2C|g|)^*^P"'"^^/^||S~-'^||^^^^„p(7(gA/iV, p) (for any p > 0, g{x,p) an analytic function of radius 
of convergence 1 m x),\\V{~!^' - Sg)||^^j,^^op ^q'->oo 

Proof. We compute (the first inequality bellow is obvious from lemma l42| the second equality 
comes from proposition H3|) : 
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Now one can use ( !T4|) and (fT5|) in the second line and this in the third to conclude to the 
first result. 

n \i\=n 

^ <f E i^r + i)lNi2ii5/^fe)iu^(M^M) 

n 

/2 1 1 

As stated, as soon as || < oo and \q\N < 1, this sum is finite. The proof of 

dj (g) dl'^\Eg) e {M®M°P)®{M°P®M) is really similar. For the last statement, we need 
hkewise a bound e.g. oYi\\d,j® ld\'^^ (pj) \ \ m^m-p^m < 1 1 ® 1 (SJ | | (m®m°p)®m 1 1 di (Pj) \ \ m®m + 
||Sg||^op^j^,/| |^/^jvf°p®M coming from the previous lemma (with a 3 tensor product 

variant of Bozejko inequality and lemma . 

For the second statement we bound using Bozejko inequality and the previous lemma : 

Q 

\\'^{^^)\\m^p®M°p — 9'"! Pi Pi )l Im®P0M°p 

n=0 |i|=n 

n=0 \i\=n 



3p+2 



n=0 



The remaining statements follow similarly. □ 

We now prove almost coassociativity. 

Liemma 47. // Ig holds, d^'^^ and (resp. d and (9(«) ) are almost coassociative with 

respect to d (resp. d © d^'^^ ) with defect C = {C^j = lj=kdi ® IS^, Cj; = — lj=fcl ® diEg) and 
CiQ) = = l^^,d,^lEf\C^?^' = -l,=a®5iHf \ (resp. D = (Dj = -1,+^=,>^1 ® 

dj^g, Dj- = lk+N=i>Ndj®l^q)i^k=l..2N,j=l..N and C = {C^- = lk=j^i<Ndi^^^q + ^k=j,i>Ndi'^^ ® 

lEg - lk+N=i>Nl ® d^Eq^C^l = -lfc=j-i<7vl (g) diEq - li^ND^j))- If Iq holds and \q\N < 1, 
d^'^^ (as giving 5), d^'^''^^ (as giving S(^q)) d (as giving 5) satisfy assumption 2 (a) (Qq taken 
as the starting value of their equivalence as derivations given in lemma W^) . 

More generally, for any U e {€{Xi, Xjq))®aig^{Xi, ....X^))"^)^ , again if Ig holds and 
\q\N < 1, then d^'^'^'''^ = ed^"^ © (giving 5), d^"'^'^''^ = ed^"'^^ © 9(«'^)#f/ (as giving 

S(^Q)) and d (B d (giving 6) satisfy assumption 2 (a) (same Qo). 

Proof Recall D{d^'^^) = D{d) is nothing but non-commutative polynomials. It suffices to 
check the relations on generators (since both sides are derivations). Assumption 2 (a) then 
comes from lemma HHl The case with U is easily deduced. Note that the boundedness of 
(1 © T)d^^'^ in assumption 2 follows from lemma HHl the variant with U is also easy from 
this. □ 
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Lemma 48. Assume Ig, then with the notation of the previous lemma Dfj G D{1 ® 
df*),Dl- e D{df* ® 1). and for j < N,i,k > N,and d^'^df*! ® 1,1 ® df*Dlj = 
-lfc+^=,>;vl ® df*d,Eg, df* ® ID^, = U+N=^>N^f*^, eg) IH, e mM"P. 

Proof. Note that Sf^^'sj^''*! ® 1 = li=jHg and the corresponding statement is obvious here. 

Since dj^^*dj is the number operator with respect to the j-th variable (as in proposition H3|) 
we have, using Bozejko inequahty, e.g.: 

\\df*d, ® 12,11 < Cfgi + lf\\J2df*d,ip^) ®p:||2 < + l)'n7V"/'. 

n n 

□ 

Recall in assumption 2 (b) we called 11^ ^ = {p, q, vr, vr) 11^ := 11^ ^ and we checked in remark 
EUthat Compn2 (i?oo 2, 2, 2) holds with' i?oo e = (2 + e, 2 + e, 1 +' e/2, 1 + e/2, 1 + e/2). with 
p = 2. 

Lemma 49. Assume Ig holds. 

€{x„...,x^) c [nQe[Qo,oo)(i?^. (Mo,9,a(^),9(^'«))ni?^X";2,2(Mo,9,9('''«)))]n5^^ (M, 

y4s a consequence, d (as d) and d^'^\d^'^'^^ (as d,d(^Q)) satisfy assumption 2 (b), (c) (in 
the context Compn2„ ^(-Roo,e! 2, 2, 2), same Qq as in lemma WT]) . Moreover, 9 © (9(g) satisfy 

00,00 ■ 

More generally, for any U G {€{Xi, Xn))^-'^^)^ , then d^'^'^''^ =^ed^'i^ © d^^^i^U (giving 
5), d^'^''^'^''^^ = ed^'^'^^ © d^'^^'^^jj^U (as giving S(^q)) and d (B d (giving 5) satisfy assumption 2 
(h),(c). 

Proof. The right hand side of the inclusion is an algebra by lemma l22l The fact that Xj's 
belong to this intersection follows from lemma H6l Assumption 2 (c) follows with R = i?^. 
For assumption 2 (b) the the only properties it remains to check are those about reducibility, 
equivalence, with 27r(2) /(7r(2) — 2) = 2 (7r(2) = c>o). The coefficients of reducibility of d to 
(9^''^ are ij = j, Ij = ^, kj = j,Kj = Sg, and = (for the coefficients of equivalence 
between d and d^'''^^ . All the supplementary conditions follow from lemma HHl For the 
supplementary statement, we use the fact d © 9(g) is reducible to (9(g) © (9(g) (which has the 
required d*^^l ® 1 G M) 2-regularly with respect to (9(g). 

In the context with U, spaces don't change thanks to the component with e, (c) is thus 
deduced as before by inclusion of non-commutative polynomials. We have to make explicit 
equivalences and reducibility in (b). The coefficients of reducibility of (9 © 9 to d^'''^''^'' are 
ij = j if j < N, ij = j - N otherwise; Ij = l/eS"^; kj = j; Kj = eEg if j < N, Kj = Hg#f/ 
otherwise. For the coefficients of equivalence between d(Bd and d^"^'^'^'"^^ we have analogously 
ij = j if J < N, ij = j - N otherwise; if^ = l/eE-^{l © 1 - (Sg - (recall Qq 

chosen to make this invertible); kj = j; Kj'^^ = eH^ if j < N, Kj = E^^U otherwise. 

are in M using lemma [121 D 



68 



Y. DABROWSKI 



4.3. An example of Lipschitz conjugate variable: q-Gaussian families for small 

q. We now want to play with the three previous derivations to get regularity results for 
conjugate variables. 

Theorem 50. Assume p(q, N) < 1 as defined in corollary W2\ (e.g. \q\\/N < 0.13) and 
\q\N < 1 then q-Gaussian variables have finite free Fisher information ...,Xj\f) < oo 

(and actually the conjugate variable is in the domain of the L'^ -closure of the free difference 
quotient). 

Furthermore assume also condition v{q,N) < 1 in corollary H2] (e.g. \q\N < 0.13), in 
that case the conjugate variables are in TglT-L) and Xi, ...,Xm have even Lipschitz conjugate 
variables. As a consequence, under condition u{q,N) < 1 we have 6o{Xi, ...,Xn) = N. 

Remark 51. In [16], Shlyakhtenko proved 6o{Xi, Xpi) — )■ when g — )■ 0, we can prove 
this value is identically equal to on a small neighborhood of 0. Actually, he proved 

So{Xi, ...,Xj^) > N (^1 — i^^n ) 1^1 ^ (4A^^ + 2)~^ Here the improvement in terms of 
value of 5q mainly comes from using a better derivation in that respect (the free difference 
quotient). The improvement in terms of values of q comes from the fact we only need a 
Lipschitz condition instead of a analyticity condition on the conjugate variable. However, 
in considering like us the free difference quotient and with a better estimate of the domain 
of analyticity, one would also get a range of order |g| < 1/CN in inverse of the number of 
generators (with a huger C than ours, cf. Rmk H^ . Note finally that corollary 2.11 in |44| 
implies 5*(Xi, ...^Xjq) = N a.s soon as Ig holds, thus e.g. assuming only p{q,N) < 1. 

Proof Let M = Tq{H). 

Step 1: Finite Fisher Information under |g|A^ < 1 and p{q,N) < 1 



Recall the notation introduced before Corollary |l2] so that i'-f/3a is the natural map from 
M®M°P to L2(M O M°p) (we may use later imphcitly). 

Claim : L'jf3a{M^M°P) C D{df*) and for any a,b e M 

df*{a ®b) = aXjb - r{hjy{a)b - a{l{hj)*{b)). 

Proof of Claim. As reminded in lemma HOI 1 ® '^'^j'^^ — ^i^j)*- Moreover, since dj"^^ is a real 

derivation for any x E D{df), we have 1 ® Tdf\x*) = (r ® l{d^f{x)y. Thus if J denotes 

the antilinear isometry extending J{x) = x* to L'^{M), we have r ® ^dj^^ = Jl ® rdj^^ J = 
Jr{hj)*J = l{hj)*. The last equality follows from formulas for annihilation operators and 

From lemma [12 and df*{l ^1) =Xj, one deduces for a,6 G D{df) n M, 6*]''^* (a ® 6) = 
aXjb — r{hj)*{a)b — a{l{hj)*{b)), so that 

\\df^\a®b)\\, < ||a||||6||||X,|| + ||r(/z,)||B(L^(M)||a|bl|6|| + \\l{h,)\\ 

<4||a||||6||/v/l- 
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Now for any a, 6 G M, if r]a = «(« + d^''^*d^^^) ^ the completely positive (thus contractive 
on M) resolvent associated to the generator of the corresponding Dirichlet form, we have for 
any x G M, ?7q,(x) G D{dj'^) flM and ||?7a(x) — a;||2 — when a — )■ oo. Since \ \dj^^* {riaicL) ® 
Va{b))\\2 < 4| |a| 1 1 16| |/a/1 — \q\ we have weak convergence in up to extraction and as 

(a) ®ria{b) -> a ® G L'^{M (g> M), we get a®b in the domain of the closed operator dj'^^* 
with the formula and inequality above remaining true. This concludes. 

□ 

Note that assuming v{q,N) < 1, one thus deduces S"-*^ G 0(8^"^*) with the formula : 

df*{^~') = H-^#X, - m{r{h,r ® 1 + 1 ® l{h,r){E-'). 

Since (S^)* = G Ad^M°P, we have thus shown our first result about finite Fisher 
information in this case. 

First recall {/lijili C IR^ is an orthonormal basis. We write for i = G A^"" 

= '4^{hi-^ ® ... ® hi^). We define the length |i| = n. 

We now want to prove finite Fisher information under the less restrictive condition p(g, A^) < 
1, \q\N < 1. We need to show G D{d\''^*) and we only know from lemma US] : G 

M^M^P^dk^VEq G (M®M°^)®M,l®(9fcS5 G M''P®(M®M''P),l®(9|^^Sg G M®M°P®M,af''^® 
IHg G M®M°P'^M°P, G M®M°P,aj (g)af^^(Sq) G (M®M°P)(g)(M°P®M), Sf''^ ® G 

(M°P®M)®(M®M°P), d j ®l®ldf'^ m{'^q) G (ikf®M°P®M''P)®M,l®(l®l®aj)9}''^(Sg) G 
M(8)(M''^®M°^®M''^) (the norms of those quantities bellow are always taken in those spaces 
if not otherwise specified) 

Let us call Un = Er=o(~l)H-g - 1 ® 1)* (power in M^M^p) so that we know f/„ ^ 
in L^, Un G M^M°P and by our first claim t/„ G D{dl''^*). Since (9^^^* is closed it suffices to 
show d\''^* {Un) bounded in to get a weak limit up to extraction and G D{d\''^*) and 
to get also G D{djd\^''*), it suffices to bound djd^^^^* (Un) (since such a bound gives also 

a bound on ||<9l^^*(f^n)||2 = {di'^^ d^"^^* (Un) , Un), we only sketch the proof of both at once). 

This is mainly a computation using [/„ is almost an inverse and thus will behave almost 
as inverse when computing derivatives coming from application of d. The second key point 
will be that, apart from a bunch of terms we can gather in something of the form dl_'^^*{Un), 
the dj will enable us to use only a bound on terms coming from f/„ in von Neumann norm. 
Recall notation was introduced before Corollary |12J We get (after using our formula for 
we mainly use derivation property of dj and changes of summation) : 

djdl'^*{Un) = d,{Uni^X, - m o (1 ® r ® l){d'f^ ® l{Un) + 1 ® d'f\Un))) 

n i~l 

a,([/„#x,) = h=,Un + J2i-iy Yl 

i=l k=0 

(S, - 1 ® 1)^'# {d, ® 1(H,)#2((S, - 1 ® ly-'^-'i^Xi) + 1 ® 6',(S,)#i((S, - 1 ® i)-^-i#x,)) 

n-1 

= U^^Un - 5^(-l)^H, - 1 ® 1)^# {d, ® l(H,)#2(t/n-fc-l#X,) + 1 ® a,(H,)#i([/„_fe_l#X,)) 
fc=0 
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a,-(mo(l®r®l)(ai^)®l(f/„)) 



n— 1 



fc=0 

^(-1)^ {(1 ® (m o 1 ® r ® 1)) [(9, ® - 1 ® 1)'=)#2 {^dl'^ ® l(S,)#2(t/„_fc_i 
+ ((m o 1 ® r ® 1) ® 1) [(1 ® c',-(H, - 1 ® (Sl^) ® l(S,)#2(t/n-fc-i)) 



fc=0 



+ ((m o 1 ® r ® 1) ® - 1 ® I^dl'^ ® 1(S,)#2(1 ® ^.(f/n^,.^!))) 

+ (S, - 1 ® [(1 ® (m o 1 ® r ® l))(aj ® 1 ® Idl"^ ® l(S,)#3f/„_fc_i) 

+ - 1 ® [((m o 1 ® r ® 1) ® ® 9,-(S,)#2f/„„fc-i)] } 



Preparing for the reintroduction of d^''^* (Un-k-i) we rewrite (a part of) the first hne in our 
last right hand side : 



n-l 



k=0 



-k-1, 



n-l 



fc=0 
n-2 



1=0 



n-l 



k-l 



5^(-l)'((H,-l®iy#(a,®l(S,))#2 

n-l 
;=Z+1 

((S, - 1 ® ® 1(S,)) #2(aJ'^^ ® l(f/n-.-l)) 



#2 (9j''^®l(S,)#2(t/„_fc_i 



1=1 



(in the last line, note that the term with / = n — 1 is zero since ® l(^o) = 0); 

We will now write f = mol(g)r(8)l. Putting everything together and reintroducing in 
the last line d^'^^* (Un-k-i) when useful in the right hand side : 
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n-1 



djdl'^*iUn) = h=jUn + - 1 ® lf#{f ® 1) [dl'^ ® 1(S,)#2(1 ® d,{Un-k-l))) 

n-1 

+ Y^i-inE, - 1 ® i)^#(i ® f) (i ® ® i(f/„_,_i))) 

fe=0 
n-1 

+ - 1 ® 1)'#(1 ® r) ® 1 ® 1^;^^ ® l(S,)#3t/n_fc-l + 9, ® 9;^^(S,)#2t/n-fc-l 

fc=0 
n-1 

+ - 1 ® l)^#(f ® 1) (1 ® 1 ® ® aJ''HS,)#lf/„„fc_l + di'^ ® 9,(S,)#2t/n-fc-l 

fc=0 
n-1 



fc=0 

We can now deduce from this a bound for p G [2, 00] in L^{M ^ M°^) if we know a bound 
on ||<9f''^*(f/fc)||p Under the assumption \q\N < 1 we know this is finite for p = 2, we will use 
it later in the case p = 00 under a stronger assumption, (the second line bellow corresponds 
to the last line of our last equation, the first and third to the first and second, the fourth 
and fifth to the third and fourth). 

\\d,d'f>{UMp<h=^\Un\\, 

n-1 

|fc _ 



+ sup pp(t/,)||J(p,®i(s,)|| + ||i®a,(s,)||)5^l|s,-ic 

\k<n-l J 

n 

+ (l|l®5i'^(2,)||P,®l(S,)|| + p;^)®l(S,)||||l®9,<S,)||)^A:(A:^ 

k=2 

n-1 

+ m ® + \\d,®l® Id'f^ ® 1(H,)||) Y.{k + 1)11(2, - 1 ® 

k=0 

n-1 

+ dl^l"^ ^5.(S,)|| + 111® 1® 9,1® 9j'')(H,)||)^(A; + l)||(S,- 10 1)11^^, 



\Mig)M°P 

k=0 



Since ||(Sg — 1 ® l)||M®Af°p < 1 ^he sums of the right hand side extended to infinity 
converge so that we get constants C,D \ \djd^''^* {Un)\\2 < C + D ^sup;.<„„]^ ||Qi'^''*(f/fc)||2j and 

thus \\dl''^*{Un)\\l < W^qW l|f^n||2(C + (supfc<„_i ||9p(f/fc)||2)), and a standard bound 
concludes to finiteness of sup;, ||c^i^''*(f^fc) lb- 
Step 2: Bounded conjugate variable under v{q,N) < 1. 
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From the previous step, we know : 



n-l 



k=0 



m o (1 ® r ® 1) ® l(S,)#2(f/n-fc-i) + 1 ® 9i'^^(H,)#i(f/„„fc_i) 



And thus, 

||(9|^^*(t/„)|| < ||?^||Af(g)A/op||-^i 



n-l 

+ ^llc^i''^ ® l('='g)ll(M®M°P)(giM°P + ||1 ® ^i'^''('='g)llM(g)(M®M°P)) ^^(^ + l)||'='g " 1 ® l|lM(g)M°P 

fc=0 

oo 

— 11^*11 5^ — 1 ® 1|Im®M°p 

/fc=0 

oo 

+ l('='q)||(M®M°P)(g)M°P + ||1 ® d^'^\^q)\\M(§{M^M°P)j + l)||'='y " 1 ® l|lM(g)M°P 

k=0 

The last inequahty gives a finite bound for z/(g, A^) < 1 as, then, by corollary |321 we have 
||5g — 1 ® IIIm^a^op < 1- Since we showed in step 1 d\''^* {Un) d^''''* (E^-^) weakly in 
up to extraction, this means we have ultraweak convergence of the same extraction. Thus 
especially dl''^*{E-^) E M. 

Step 3: Lipschitz conjugate variable under v[q,N) < 1. 



Since we now know sup^ ll^i (^fc)IU/ < oo from the second step, the end of the first step 

gives : Wd^'^-'miUmMor <C + D (snY>,\\df^* {Uu)\U) . 

Again since we saw in step one : djOl"^^* [Un) — )■ djO^"^^* (E'^) weakly in up to extraction, 

we got djdl'^'^* (Eg^) e M^M°p. 

Putting everything together, this concludes the proof of the second part of our theorem 
(the statement on microstate free entropy dimension uses the embeddability result of 
|47) and corollary [55]) . 

□ 

4.4. A better estimate on microstate free entropy dimension for q-Gaussian vari- 
ables using a non-coassociative derivation. This subsection motivates the more general 
theory for almost coassociative derivations by an application to q-Gaussian variables. 

Beyond the interest of knowing those variables do have Lipschitz conjugate variable for 
small q, we can get the computation of Sq in a slightly larger range in using directly d^"^ 
(giving a derivation 6 after extension on Brownian motion, with d giving 6, we want to check 
assumption 2 for them). We keep the notation of the previous subsections and only sketch 
the proofs. 

We first want to prove a preliminary result using results of subsection 2.1 that will enable 
us to find a good core for A. 
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We will assume throughout p < 1 and \q\N < 1 so that by theorem [50} we have a conjugate 
variables 5*1 (g) 1 G L'^{M, r) and 5*1 (g) 1 G D{d) 

Recall the notation introduced before proposition |43| we consider d^^^ = dki^'E}J'^ equiva- 
lent to d in the sense of g) in Fi as soon as p(g, A^) < 1 (defined in corollarv H2|) and write in 
the same way its extension by zero to the brownian motion equivalent to 5 and 5. Moreover 
we checked in proposition |33] that d^t^* d'''''* is the number operator A having ipj^ as eigenvector 
of eigenvalue 

Lemma 52. Assume p{q,N) < 1 and \q\N < 1. 

(i) IfVa = ^ then Rgivl) n Mo C Z)(A). 

(ii) Non- commutative polynomials (in X'-s) are a core for A|£)(A)nL2(A/o) ■ 

Proof. (i) Recall A = 6*6, 6 extending d^^K Consider ^ = ip{x),x G "H®*^ , recall 
d(i\^) = 9(0 and (9('?)(0 = <9(0#Sg and compute using lemma |3T] (i) since 

,^ is a non-commutative polynomial and we get a bounded H (using lemmas HTJ HOl 
and Theorem 150) to get assumption 2 (a),(b),(b'),(c) with R = Roo,e any e and note 
that for e = oo X G i3 C /^(A^/^Aj) since a = 2) 



mill = $^(9.Ae, di'\oi^^,) = $^(A ® 1 + 1 ® A9.e + H{d{0), di'\oi^E,) 



— l|-^llll^''^''(0ll2ll'='g^^llA/(g)M°p||'='5 ^^^\\m(SiM°p 



=: (/) + (//) + (///) 
(/)<l|i^ll^llell^ 



2 1 1 '^3/2 II 1 1 " — 1/2 1 1 



2 



3 

I A^-||2 <r II f7||„llfl|2||'^3/2|| _ ||^-1/2|| _ I 9«2||^1/2||2 ||^-1/2||2 ||^2|| _ 

1^? 1 12 ^ 1 1 1"-! Is I I2I 1 1 M(g)M°P 1 1 1 1 M(g)Af°P "T 1 1 \\M®M°p\\^q 1 1 A/® A/op 1 1 1 1 M®M°P 



We mainly computed with derivation properties and equivalence of derivations. We 
also used the equality coming from A the number operator, using is in the span 
of eigenvectors of number less than n — 1. 

Thus consider fja = take ^ a noncommutative polynomial in Xj's so that so 

is fja{x), let Xn its component on "H®" so that we can bound and then extend by 
density to x G : 
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C-t I / 1/ \Jl I / L 

n>0 n>0 

< C{y^{^)%^Y'^\\x\\, < Ca\y^\f'^\\x\\, = Ca\/V6\\x\\2 
^-^ a + n ^-^ 71-^ 

n>0 n>0 

(ii) We want to prove that for Z G -D(A), A(f/^(Z)) converges weakly to A(Z). Since 
fjaiZ) converges to Z and A is closed, it suffices to bound ||(A(f/^(Z))||2 uniformly 
in a. Then, the core property is obvious since fj^ leave polynomials invariant and Afj^ 
bounded by (i), one first takes a convex combination such that ||(A(^p„r7^^(Z') — 
'2^))||2 < e/2 II 'YliPn^a i^) ~ ^Ib ^ and then choose P polynomial such that 
||P-Z||2<e/2||AoX;p„r/^J|. 

The main boundedness we thus need to prove will be based on the almost com- 
mutation of lemma l3T] (v) applied under the assumptions stated in (iv). We apply 
it to 5 given by 9 © (of course d is introduced here to check almost coasso- 
ciativity more easily), given by d^'^\ 5(2) given by d, and 5(3) by d^'^\ In that 
case, coassociativity assumptions are given by lemma HTl The other assumption in 
proposition |2l] are given in lemma HHl the core property for A^/^ is obvious since 
non-commutative polynomials are a core for it (using the explicit non- commutative 
polynomial eigenvectors) , the other assumptions comes from lemma HHl 

As a consequence we have : fj^Si^Z) — SifjaiZ) = ^fj®Hi^a{,Z) so that fj®'^5i{Z) — 

s^vi{z) = EU^f^^^'^'^H,^f^^'~'^{z). 

We also have Hia bounded by c|a; and ||ifj^Q,(x)||2 < Ci/ad |5(a;) 1 12 + ||2;||2) 
Proving first an adjoint commutation relation, one also deduces for any Z G D{A) : 

fjTA{z)-Afjt{z) = i E. E,to(^^<^0*^" ^'■^^.«^^'^(^)-(^^^''■'^^."#"'^)*(^(^))• 

For our Z we are interested in, we thus deduce our concluding bound : ||A?7^(Z)||2 < 
||A(Z)||2 + i4iVg2a(||5(Z)||2 + ||Z||2). 

□ 



Proposition 53. For q such that p{q, N) < 1 (defined in corollaryWl\ for |g|vA^ < 0.13j and 
with moreover \q \N < I, d^'^^ (giving 6), d^"''^^ (as giving 5i^q)) and the free difference quotient 
d ( giving 5 ) satisfy assumption 2. The same is true of the derivation d^'^'^^'^ = eS^") ©9('?)#[/ 
(giving 5), d^'^''^'^'^^ = ed^'^'^^(Bd^'^'^^^U (as giving 5 {^q)) with a sum of two difference quotients 
d®d (giving 5) for any U G {<C{Xi, X^))®'''^^)^. As a consequence 5q{Xi, ...,Xn) = N 
under those conditions. 

Proof. Assumption 2(a),(b),(c) are checked in lemmas |37| and SHI (c') is checked in the 
previous lemma 152] (knowing lemma HHl to see non commutative polynomials are in B). The 
analogue of lemma [22] in cases with U is similar and left to the reader. 

Having checked assumption 2, we can now prove the consequence on microstate free en- 
tropy dimension. From corollary [2H1 applied to 5^'^'^'^^ we get for any 1 > t > 0, q-Gaussian 
variables Xi^i, X„_t G Tq{'H)*L{F {00)) and Si, Sn G L{F{oo)) a free (0, l)-semicircular 
family, free from TgiTi), with moreover, Xj^t,u ^ W*{Xi, X^, Si, Sn, {Sj}'jLQ) where 
{Sj}'jLQ is a free semicircular family free with {Xi, ...,Xn, Si, Sn}- 
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and such that 



\Xj^t,u - - Vtdf{Xj)4^Uj4^Sj\\2 <{c + d) t, 



where = i(| | b + V2||(9(«'^'^) ® 1 © 1 ® 9('?'^'V^))9(«'^'^)(X,-))||2)' 
and d = ||Sq||2. Since d^'^^* extends to a bounded map on M®M (say with bound C), 
c < + \\U*U,\\m^m) + 2(sup, ||[/,||m^m + i)(2||(a('') ® 1 © 1 ® a(''))S,||2 + 

i©i©9(«))f/,-||2). 

Now let us take Uj = Ep^n '■= Ylk=o(^ ® 1 — S^)*^ powers being taken in M © M°^, 
with = "^^=01^ J2^b o n H®^^ ® ^* truncated (polynomial) variant of Eg, so that 
II^jIIm(§)M ^ "^I'i^^N)-!^ ^ using also the bound above for \\dk © 12q||2, one easily gets in 
the range of q we consider constants A,B, R such that c + d above is bellow A + B R^^^ 
uniformly in p,n. Moreover Eg^Ep^n — 1 © 1 = {Eg — E^jfEp^n — (1 © 1 — E^^'^^^ so that 

'='g#'='P,n — 1 © 1| |L2(jvf0M°P) < \ \{^q~ ^^q)\\L'^(M®M°P) I l'='P,n.| |m®M°p + 1 1 (1 ® 1 ^ 1 1 A/^M°P — 

p""*"^, using the estimate and notation of Corollarv W2\ Taking p = n and 



+1 



{l-igVN)){l~p) 

since p > \q\\/N we got another constant D with {Xj^t,n = 

I \X,,t,n - Xj + ViSj\\2 <{A + t + ViDp"" 

Since p < > 1, choosing / large enough integer to get l/l < log{l/p)/log{R) so that if 
fi/2{i+i) ^ pu+i ^j^g^ ^ (^^^l//^|(„+l)/^_^/2(/+l) < ^-«/2(/+i) so that choosing t ^ as above 

when n — )■ oo we have a sequence satisfying \ \Xj^t,n — Xj — \/tSj\\2 < At + {B + D)t^/'^'^^/'^^^^^'^ 
From the proof of P6| Theorem 4] (in which we see the upper bound in At is not necessary, 
having only a At"', a > 1/2, as we have here, is enough), knowing i?'^-embeddability from 
|47] . one deduces the result on microstate free entropy dimension. □ 

4.5. Group Cocycles. Since assumption 1 is hard to verify in practice, it is interesting to 
work only under assumption 0, and prove directly that the ultramild solution of theorem ITO] 
(i) satisfy ||X(||2 = H^olb a-e. to get a stationary solution. In this part, we find a necessary 
and sufficient condition for derivations coming from group cocycles to get results in the spirit 
of Corollary 3 in |46| . 

Let r be a discrete group. To a(n additive left) cocycle c with value in the regular 
representation c G C^{TJ'^{T)) we associate a derivation 5^ : (Cr £^ (T) (g) £^ (T) = /.^(Mo© 
Mq) (Mq the group von Neumann algebra of F) given by 5c(7) = B{c{'-f))'-f where B : 
f(T) f(T)(gf{T) the isometry given by B{j) = 7©7"^ Indeed, ^(7172) = -6(710(72) + 
c(7i))7i72 = 7i^(c(72))7rSi72 + 4(7i)72 = 71^(72) + 4(7i)72 so that 4 is a derivation 
with the same bimodule structure used earlier on L^(Mo ©Mq). Moreover 6c is easily seen to 
be a real derivation if c takes values in iJR (we will consider only such cocycles). Let us note 
that {Sci'j), 1 © 1) = for any gamma so that we easily deduce that 5*(1 © 1) = so that 6c 
is always closable. Any (5ci, ■■■,Sc„ therefore satisfy assumption 0. Moreover, as noted e.g. in 
the proof of Corollary 3 in |l6], (5c7, 5c7') = 6'^ ||c(7)||2 so that 6*6^^) = ||c(7)||27- We now 
fix Ci,...,Cn such cocycles and note 6i the extension to M of 6^ described at the beginning 
of section 2. We write Xt,X^ the ultramild (resp mild) solution given by theorem [TO] when 
the initial condition is Xq. 

We now want to describe a first equivalent formulation of the isometry | 1 12 = | |-^o| b- To 
this end, we want to give an equation on certain component of the free product L^(M). Note 
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the von Neumann algebra generated by free Brownian motions, it is well known that M is 
the orthogonal direct sum oiL'^{N) and L'^{N)-ii{L'^{N)Q(^)-i2-{L'^{N)e(S^)-inL'^{N) where 
7j's run over F — {1}. Since Xt and X^ are orthogonal to L^{N) (since 6*1 ® 1 = 0) we may 
consider only G L\N)^{L''{N)e<i^T-^ ^L\N) such that X,^.^^_... _^^# (71®...® 7„) 

are the orthogonal projections on those spaces. We wrote here f/#(7i(S)...(S)7„,) the extension 
given by freeness of (ai ® ... ® a„+i)#(7i ® ... ® 7n) = cn7ia2---an7n.an+i- We now have the 
following : 

Proposition 54. Assume Xq = 7, then : 

n N 

+ (i-)EE 

i=i j=i 

* ^^{Y.UY.U\\-A^^)\\l) Xl.^^^_^^i^, ((7.,9(7.))1 ® rf^P^ + (l,c,(7.))rf^p) ® l) 



n-l N 

+ (1 - e)5„^i^^(7i,Cj(7i7i+i))x 



X 



^0 



which is non zero only z/7i...7„ = 7. (^VFe /iave noted ai®...ai®ai+i...®anH^il®{St — Ss)® 
1 = ai®...aj(8)(S't-S's)®ai+i...®a„, Oi ...a, (8)0,+!... ® a„#i(S't - S'^) ® 1 = ai ® ...aj(S't - 
S's) ® cij+i... ® flrijOi ...Oj ® aj+i... ® ttni^il ® (5*4 — 5*8) = Oi ® ...aj ® (5'j — S's)aj+i... (g) a„ and 
the evident corresponding adapted stochastic integrals.) Moreover this relation with e = is 
thus also valid for Xt (by the weak convergence defining it). ■ 

As a consequence, using freeness and the definition of the space where Xl^_^ lives 
(especially the orthogonal complements to (D) we get : 



|^i;7i,...,7„ 1 12 ~ "n=l"7i=7'^ 

i=i i=i -^0 



3^ 

n~l N 

Lil|c,(7.)lli)||y ||2 
I I^s;7i,...,7i7i+i,...,7„ 1 12- 



As a consequence, solving the equation by variation of constants, and using the follow- 
ing convenient notation ||cj(7)||2 = ||cj(7)||2 — (|(7j) Cj(7j))p + Cj(7j))p), we obtain the 
following : 
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Proposition 55. Assume Xq = 7, then 

NX W^-S ,S e-*(Ef.il|£.(7)ll^) 

I |^t;7l,...,7„ 1 12 ~ "n=lO'yi='yC ^ ' 



n.-l N 



i=l j=l 



This equation is notliing but a forward Kolmogorov equation, and tlie question we ask 
is whether 1 = ||7||2 = \\Xo\\l = E„ E^i,...,^^ I l^i;7iv..,7nl I2' i-e- nothing but if the solu- 
tion of the Kolmogorov equation is conservative. In order to state a result, let us define 
a corresponding continuous time Markov chain to give a probabilistic counterpart to the 
stationarity of Xf, using usual results on Kolmogorov equations (cf. e.g. |25|). 

Notation 56. Given a countable group T and additive left cocycles with value in the left reg- 
ular representation Ci, as above. We write M(r; Ci, Cat) the continuous time Markov 
process defined on the countable state space F{T) = (r - defined by the following 

rates i?((7i, 7„)) = X]r=i S^Li Il^j(7')ll2' ^"-^ with transition probabilities non zero only 
from (7i,...,7„) to (71, 5^, 5-, 7„) with Sid- = (of course 6i, 6- ^ 1), given by 

P((7i, 7„), (71, 6u 5-, 7n)) = — 

We can now state the following trivial : 

Corollary 57. Let Xt be the ultramild solution given by theorem [TOl with 6 = {6i,...,6n) 
associated as above to cocycles [ci, ...,cn). Then \\Xt\\2 = H^olb (for any Xq G ^^(r)j for 
all t G [0,T) (and as a consequence is stationary in [0,T) on Mq = L(r)) if and only if 
M(r; Ci, Cjv) has almost surely no explosion before T. ■ 
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